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DEFINITION 1
Suppose that R is a commutative ring with identity. A tensor product of unital
R-modules M7 and M, is a unital R-module M; ® M5 with a bilinear mapping

My x My — M; @ Mo, (m1,m2) — 7(Mm1, ma) =my3 @ may (1)
such that for any unital R-module M and for any bilinear mapping
M, x My — M, (m1,ma) = w(my, ma) (2)
there exists a unique linear mapping
My @ My — M (3)
such that the following diagram commutes.

My x My “—> M (4)

e

My @ My

DEFINITION 2
Suppose that M is a right module over a ring R and let G be an abelian group.

We define
R x hom(M,G) — hom(M, G), (r,f)=>rf=[m~ f(mr)]. (5)

PROPOSITION 1
Suppose that M is a right module over a ring R and let G be an abelian group.
The abelian group hom(M, G) is a left module over the ring R.

Proof. We have the following.

1. We have
r(fi+fo) =rfi+rfa (6)

for any element (r, f) of the set R x hom(M, G)? since we have
(r(f1 + f2)) (m) = (f1 + fo)(mr)
= fi(mr) + fa(mr)
= (rfi)(m) + (rfo)(m) = (rfr +rf2)(m)  (7)

for any element m.



2. We have
(ri+mro)f=rif +rof (8)

for any element (r, f) of the set R? x hom(M, G) since we have

((r1 +72)f)(m) = f(m(r1 +72))

= (rf)(m) + (rof)(m) = (rof +r2f)(m) (9

for any element m.

3. We have
(rire) f = ri(r2f) (10)

for any element (7, f) of the set R? x hom(M, G) since we have

((rar2) f)(m) = f(m(rir2))
= f((mT’l)Tg)
= (rof)(mr1) = (r1(raf))(m) (11)

for any element m. O

DEFINITION 3
A mapping of an abelian group into an abelian group is said to be additive if it
is a homomorphism of groups.

DEFINITION 4
Suppose that M is a right module and N is a left module over a ring R. A
biadditive mapping w of the product M x N into an abelian group is called a
bihomomorphism if we have

w(mr,n) = w(m,rn) (12)
for any element (r,m,n) of the set R x M x N.

PROPOSITION 2
A right module over a ring R is a (Z, R)-bimodule.

PROPOSITION 3
A module over a commutative ring R is an (R, R)-bimodule.

PROPOSITION 4
An abelian group is a (Z, Z)-bimodule.

DEFINITION 5
Suppose that Ry, R1, Rs are rings and let M7 and M be an (Rg, R1)-bimodule
and an (Rj, Ry)-bimodule respectively. A mapping w of the product M; x
M into an (Rg, Ra)-bimodule is called a bihomomorphism if it satisfies the
following.



1. The mapping
my1 — w(my, mg) (13)

is a homomorphism of left modules over the ring Ry for any element ms.

2. We have
w(mary, ma) = w(my, r1mz) (14)

for any element (r1,m) of the set Ry x (M7 x Ms).

3. The mapping
ma — w(my, ma) (15)

is a homomorphism of right modules over the ring Ry for any element m; .
The definition is compatible with Definition [d} See Proposition [2 and [

DEFINITION 6
A homomorphism of bimodules is a homomorphism of left and right modules.

DEFINITION 7
Suppose that

Ry, R, cee R4, R, (16)
are rings and let
M, M, (17)

be an (R, R1)-bimodule, ..., an (R,_1, R, )-bimodule respectively. A multiad-
ditive mapping w of the product My X --- x M, into an (Rg, R,,)-bimodule is
called a multihomomorphism if it satisfies the following.

1. The mapping
my = w(my, ma, ..., My) (18)

is a homomorphism of left modules over the ring Ry for any element

(ma,...,my).
2. We have
WM,y e M1y MUy Mt 1, T2y« -+ 5 Ty

=w(my, ..., Mp_1, M, TRMp 1, Mpy 2, -, My)  (19)

for any element (rg,m) of the set Ry x (M X --- x M,,) for any positive
integer k < n.

3. The mapping
My = WM,y M1, My (20)

is a homomorphism of right modules over the ring R, for any element
(ml, [N ,mn_l).



REMARK 1
Suppose that R is a ring. Any mapping of the product {()} into an (R, R)-
bimodule is a multihomomorphism.

REMARK 2
Suppose that R and S are rings and let M and N are (R, S)-bimodules. A
mapping of the bimodule M into the bimodule N is a multihomomorphism if
and only if it is a homomorphism of bimodules.

PROPOSITION 5
Suppose that M is a right module and N is a left module over a ring R and
let G be an abelian group. The following are equivalent for a mapping w of the
product M x N into the abelian group G.

1. The mapping w is a bihomomorphism.

2. The mapping
N — @G, n— w(m,n) (21)
is a homomorphism of groups for any element m and the mapping
M — hom(N, G), m = [n = w(m,n)] (22)
is a homomorphism of right modules over the ring R.
3. The mapping
M — G, m— w(m,n) (23)
is a homomorphism of groups for any element n and the mapping
N — hom(M, G), n— [m— w(m,n)] (24)
is a homomorphism of left modules over the ring R.
Proof. Suppose that the mapping w is a bihomomorphism. The mapping
N = G, n— w(m,n) (25)
is a homomorphism of groups for any element m since we have
w(m,ny + ng) = w(m,ny) + w(m,nz) (26)
for any element n of the set N2. The mapping
M — hom(N, G), m i [n— w(m,n)] (27)
is a homomorphism of right modules over the ring R since we have

w(my +ma,n) = w(my,n) + w(ms,n) (28)



for any element (m,n) of the set M? x N and we have
w(mr,n) = w(m,rn) (29)

for any element (m,r,n) of the set M x R X N.
Suppose that the mapping

N — G, n— w(m,n) (30)
is a homomorphism of groups for any element m and the mapping
M — hom(N, G), m [n — w(m, n)} (31)
is a homomorphism of right modules over the ring R. The mapping
m— w(m,n) (32)

is a homomorphism of groups of the right module M into the abelian group G
for any element n of the left module N and we have

w(mr,n) = w(m,rn) (33)

for any element (m,r,n) of the set M x R X N since the mapping
M — hom(N, G), m e [n— wlm,n)] (34)
is a homomorphism of right modules over the ring R. O

PROPOSITION 6
Suppose that M is a right module and N is a left module over a ring R and let
G be an abelian group. Suppose that w is a bihomomorphism of the product
M x N into the abelian group G and let f be a homomorphism of groups of the
abelian group G into an abelian group. The mapping fow is a bihomomorphism.

DEFINITION 8
A tensor product of a right module M and a left module N over a ring R is an
abelian group M ® N with a bihomomorphism

MxN—M®N, (m,n) = 7(m,n) =maen (35)
such that for any abelian group G and for any bihomomorphism
M x N — G, (m,n) — w(m,n) (36)
there exists a unique homomorphism of groups
M®N =G (37)

such that the following diagram commutes.

MxN-“ @ (38)



PROPOSITION 7
Suppose that
M® N «2— MxN —2 M®;, N (39)

are tensor products of a right module M and a left module N over a ring R.
There exists a unique isomorphism of groups

M® N M@y N (40)

such that the following diagram commutes.

MxN—s>M@yN (41)

|

M ®1 N

Proof. There exist unique homomorphisms of groups f; and fy such that the
following diagrams commute.

MxN—>M®,N, MxN—s>MgyN (42)
T1 T1
| A L
M®; N M ®; N
The following diagrams commute.
MxN—s>M® N, MxN—"5 M@y N (43)
T1 T2
M @1 N M ®9 N
We have fs 0 f; =1 and we have f; o fo = 1. O

THEOREM 1
Suppose that M is a right module and N is a left module over a ring R. There
exists a unique tensor product of the right module M and the left module N.

Proof. We write T for the canonical epimorphism of the free abelian group
Z8MXN) onto the quotient group by the subgroup generated by the subset
{ (mr,n) — (m,rn): (m,r,n) € M x Rx N }
U { (mq 4+ mag,n) — (m1,n) — (ma,n) : (M1, ma,n) € M x M X N}
U{ (m,n1 +n2) — (m,n1) — (m,nz) : (m,n1,n2) € M x N x N }.
The restriction 7 of the canonical epimorphism 7 to the product M x N is a

bihomomorphism. Suppose that G is an abelian group and let w be a bihomo-
morphism of the product M x N into the abelian group G. The bihomomorphism



w extends uniquely to the homomorphism of groups of the free abelian group
7O(MXN)

MxN——=G (44)

| <

78 (MxN)

The homomorphism w factors uniquely through the canonical epimorphism 7.
O

PROPOSITION 8
Suppose that M is a right module and N is a left module over a ring R. The
abelian group M ® N is the monoid generated by the subset

{m&n:(mmn)eMxN}. (45)

PROPOSITION 9

Suppose that M; and N; are right modules and Ms and N, are left modules
over a ring R. Suppose that f; is a homomorphism of right modules over the
ring R of the right module M; into the right module N;. Suppose that fs is a
homomorphism of left modules over the ring R of the left module M5 into the
left module N,. There exists a unique homomorphism of groups of the abelian
group M ® Ms into the abelian group N1 ® Ns such that the following diagram
commutes.

M1XM2 M)Z\GXNQ

®l J@ (46)

M; ® My —— N1 ® N,

ProrosITION 10
Suppose that M and N are abelian groups and let G be an abelian group. A
mapping w of the product M x N into the abelian group G is a bihomomorphism
if and only if it is a bilinear mapping.

ProrosiTioN 11
Suppose that M and N are unital modules over a commutative ring R. The
(R, R)-bimodule M ® N with the bihomomorphism

MxN—-M®N, (myn) > men (47)
is a tensor product in the sense of Definition [I]

DEFINITION 9
Suppose that

Ry, Ry, ce R, 1, R, (48)
are rings and let

My, o M, (49)



be an (Rp, R1)-bimodule, ..., an (R,_1, R,)-bimodule respectively. A tensor
product of the bimodules My, ..., M, is an (Ro, R,,)-bimodule @;_, M}, with
a multihomomorphism

ﬁMkﬁéMk, mHT(m):émk (50)
k=1 k=1 k=1

such that for any (R, R,,)-bimodule M and for any multihomomorphism

ﬁMk — M, m— w(m) (51)
k=1

there exists a unique homomorphism of bimodules

Q) M - M (52)
k=1

such that the following diagram commutes.

[Ty My —M (53)
|
®Z:1 My,
PROPOSITION 12
Suppose that
Ro, R, o Ro_1, R,  (54)
are rings and let
M, o M, (55)
be an (Rp, R1)-bimodule, ..., an (R,_1, R,)-bimodule respectively. Suppose

that

M, ®q-- @1 M, VRS M; x ---x M, TN M ®g -+ ®o M, (56)

are tensor products of the bimodules My, ..., M,. There exists a unique iso-
morphism of bimodules

My @1 ®1 My, < My ®2--- @2 M, (57)

such that the following diagram commutes.

M1X-"XMni>M1®2"'®2Mn (58)

My ®1--- @1 M,



Proof. There exist unique homomorphisms of bimodules f; and fs such that

the following diagrams commute.

M1><"'><Mn£>]\/h®2“‘

My ®1--- @1 M,

The following diagrams commute.

Mlx"'XMn$Ml®1"'

T1

My &1+ @1 M,

MlX"'XMn$M1®2"'

T2

My ®2 -+ ®3 My,
We have fy o fi =1 and we have f; o fo = 1.

PROPOSITION 13

®2 Mn

(59)

(60)

Suppose that Ry, Ry, Ry are rings and let M7 and M be an (Rg, R;)-bimodule

and an (Rj, Rg)-bimodule respectively.

1. The abelian group M; ® My is an (R, R2)-bimodule.

2. The bihomomorphism into the abelian group

My x My — M7 ® Mo, (ml,mg)l—>m1 X Mo

is a bihomomorphism into the (Rp, R2)-bimodule.

3. The (Ry, R2)-bimodule M; ® M, with the bihomomorphism
M1XM2—>M1®M2, (m17m2)'_>m1 & mg

is a tensor product in the sense of Definition [9]

Proof. Suppose that M is an (Rg, Rz)-bimodule and let

My x My — M, (m1,ma) — w(mi, ms)



be a bihomomorphism. There exists a unique homomorphism of groups
My @ My — M (66)

such that the following diagram commutes since the bihomomorphism w is a
bihomomorphism into the abelian group.

M, x My “—= M (67)
M, @ M,

The homomorphism of groups is a homomorphism of (Rg, Rs)-bimodules.
O

ProrosiTION 14
Suppose that M; and N; are right modules and M and Ny are left modules
over a ring R. There exists a unique bihomomorphism

(hOHlR(Ml,Nl) Xz hOHlR(Mg,NQ)) X (M1 X Mg) — N1 X Ng,
(f,m) = fm (68)

such that we have
(f1 ®z f2)(m1 @ ma) = f1(m1) ® f2(mo) (69)
for any element (f, m) of the set
(homp(Mi, N1) x homp(Ma, N2)) x (M x Ms). (70)

REMARK 3
A ring R is an (R, R)-bimodule.

PrOPOSITION 15
Suppose that Ry and R; are rings and let M; be an (Rg, R;)-bimodule.

1. We have an isomorphism of (R, R;)-bimodule
Ro® My = My, To ® my = romy (71)
provided that the left module M; is unital.
2. We have an isomorphism of (Rp, R1)-bimodule
My @ Ry = M, my ®ry=mary (72)

provided that the right module M; is unital.

10



Proof. There exists a unique homomorphism of (R, R;)-bimodules f
Ro® My — M, To ® My = ToMy (73)
since the mapping
Ro x My — M, (ro,m1) — romy (74)
is a bihomomorphism. The homomorphism of groups
My, — Ry ® My, my — g(my) =1 my (75)
is a homomorphism of (R, R;)-bimodules since we have

g(?‘o’l’fh) =1® (Toml)
=710 @my
= 7’0(1 X ml) = Tog(ml) (76)

and we have

g(mary) = 1® (mary)
= (1 ®@m)r1 = g(mi)r (77)

for any element (r,mq) of the set (Ry x Ry) x M;. The homomorphism of
(Ro, R1)-bimodules ¢ is an epimorphism and we have

(fog)mi)=f(l@mi)=m (78)

for any element m; since the left module M; is unital. O

PROPOSITION 16
Suppose that Ry, Ri, Ra, Rs are rings and let My, My, M3 be an (Ry, Ry)-
bimodule, an (R1, Ry)-bimodule, an (Rs, R3)-bimodule respectively. There ex-
ists a unique isomorphism of (Ry, R3)-bimodules

(My ® M) @ Mz = M; ® (M ® Ms),
(m1 ® mz) Xmz=m1 & (m2 (24 m;g). (79)

Proof. The (Ry, R3)-bimodule (M1 ® Ms) ® Mj is the monoid generated by the
subset
{ (m1 ®@ma) ®mg :m € My x My x Mg }. (80)

There exists a unique mapping
(My @ M) x Mz — My @ (Ma @ M3),  (miz,m3) — w(miz,m3)  (81)
such that the mapping

My @ My — My @ (M2 ® Ms), mig > w(miz, ms3) (82)

11



is a homomorphism of left modules for any element m3 and we have
w(mi ® ma,m3) = m1 ® (Mma @ m3) (83)
for any element m since the mapping
My x My — My ® (My ® Ms), (m1,mg2) = my ® (mg ® ms) (84)

is a bihomomorphism into the left module for any element ms. There exists a
unique homomorphism of (Ry, R3)-bimodules

(Ml X Mg) X M3 — M1 (024 (M2 & M3)7
(m1 ® ma) ® m3 — my ® (ma @ ms) (85)
since the mapping w is a bihomomorphism into the (Rg, R3)-bimodule. O

THEOREM 2
Suppose that

Ry, Ry, cees Ry—1, R, (86)

are rings and let

My, ce M, (87)
be an (Rg, R1)-bimodule, ..., an (R,_1, Ry,)-bimodule respectively.
1. There exists a unique tensor product of the bimodules My, ..., M, pro-

vided that the integer n is positive.

2. Suppose that the integer n is positive. We have

1 1
®Mk:M1, ®mk:m1 (88)
k=1 k=1

and we have

n

n n—1 n—1
QM= (QRQ M) @ My, Ry = () mu) @ mi, (89)
k=1 k=1 k=1

k=1
provided that we have n > 1.

3. The (R, Ry,)-bimodule @;_, M, is the monoid generated by the subset

{é)mk:meﬁMk} (90)
k=1 k=1

provided that the integer n is positive.

12



ProrosITION 17
Suppose that

Ry, Ry, ce R, 1, R, (91)
are rings and let
My, e M, (92)
be an (Rg, Ry)-bimodule, ..., an (R,_1, Ry,)-bimodule respectively.

1. Suppose that w is a multihomomorphism of the product [];_; M} into
an (Rp, R,)-bimodule M and let f be a homomorphism of (Ry, R;)-
bimodules of the (Rg, R, )-bimodule M into an (R, R,)-bimodule. The
mapping f ow is a multihomomorphism.

2. Suppose that M is an (R, R,,)-bimodule. The abelian group

hom gy, g, () Mk, M) (93)
k=1

is the abelian group of multihomomorphisms of the product [];_, M}, into
the (Ro, Ry,)-bimodule M provided that the integer n is positive.

PROPOSITION 18
Suppose that A is an algebra and M is a unital module over a commutative
ring. The tensor product of the algebra A and the unital module M is an
(A, A)-bimodule such that we have
z1(x2 @ m) = (x122) @ m = (1 @ M) (94)
for any element (z,m) of the set A% x M.

ProOPOSITION 19
Suppose that A is an algebra with identity and M is a unital module over a
commutative ring R.

1. The (A, A)-bimodule A ® M is compatible with the R-module A ® M.
2. The (A, A)-bimodule A ® M is unital.

Proof. 1. We have (rl1)(z @ m) = ((rl)z) ® m = (rz) @ m = r(z ® m) for
any element (r,z,m) of the set R x A x M.

2. We have 1(z @ m) = x @ m = (x @ m)1 for any element (x,m) of the set
Ax M. O

THEOREM 3
Suppose that A is an algebra with identity and M; and M5 are unital modules
over a commutative ring R. We have an isomorphism of unital (A, A)-bimodules

A® (Ml ®M2) = (A@ Ml) XA (A® MQ),
(x122) ® (M1 @ M2) = (21 ® M) @4 (T2 @ M2). (95)

13



Proof. There exists a unique bilinear mapping over the commutative ring R
(A®M1) X (A@MQ) — A@(Ml ®M2),
(r1 @ My, 22 @ m2) = f(x1 @My, 22 @ ma) = (r122) ® (M1 @ m2) (96)
since the mapping
AX M x AX My — A® (M; ® M),

(x1,m1,22,m2) = (T122) ® (M1 @ mM2) (97)
is bilinear over the commutative ring R. There exists a unique homomorphism
of (A, A)-bimodules

(A@ Ml) XA (A® Mz) — A® (Ml ® MQ);
(1 ®@m1) @a (T2 @ Ma) = (2122) ® (M1 @ ma)  (98)

since the bilinear mapping f is a bihomomorphism into the (A, A)-bimodule.
We define a mapping

A x M1 XM2 — (A®M1)®A (A®M2)7
(x,m1,mz) — g(z,my, my) = $((1 ®@mp) @4 (1® m2))
= ((1 ®@m1)®4 (1® m2))$~ (99)

The unital (A, A)-bimodule (A ® M;) ®4 (A ® Ms) is a unital module over the
commutative ring R such that we have

g(rayza, my,me) =r((x1 @ my) ®a (z2 @ m2))
= (21 @ m1) ®a (22 @ my))r (100)

for any element (r, z,m) of the set R x A% x (M; x Ms). There exists a unique
homomorphism of modules over R

A® (Ml ®M2) — (A®M1) XA (A® MQ),
x®(m1®m2) '—>9(1177m1am2) (101)

since the mapping ¢ is multilinear over the commutative ring R. The homomor-
phism is an isomorphism since we have

(go f)((l"l @mi) Qa4 (T2 @ m2)) = g((l‘ﬂ‘z) ® (m1 ® m2))

= (21 ®@m1) ®4 (T2 ® ma) (102)

for any element (z,m) of the set A% x (M; x My) and we have
(fog)(z®(mi®@ms)) =2® (m ®ms) (103)
for any element (x,m) of the set A x (M; x Ma). O
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