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1 Tensor Products of Multilinear Mappings

Suppose that Ay, ..., Apmin, A are unital modules over a commutative ring R
and let p be a bilinear mapping on the unital module A.

ProrosITION 1
The mapping

m m—+n m—+n
hOmR(®Ak,A) X homR( ® Ak,A) %h0m3(® Ak,A),
k=1 k=m+1 k=1

(&m) = E@un=po(E@n)
is bilinear over the commutative ring R.

Suppose that (£,7n) is an element of the product

m m—+n
homR(® Ap, A) X homp( ® Ap, A).
k=1 k=m+1

PROPOSITION 2
We have

(f Opu 77)(3:17 S 7xm+n) = U(f(l‘h B .Z‘m), 77(33m+1’ cee 7-7:m+n))

for any elements (z1, ..., Tmin)-

2 Schouten—Nijenhuis Bracket

DEFINITION 1
We define

s(m,n):{aesm+n:a(1)<-.-<a(m) anda(m+1)<~-~<a(m+n)}.



DEFINITION 2
Suppose that A is a unital module over a commutative ring and let £ and 71 be
alternating mappings on the unital module A. We define

[57 77](%, e axm+n)
= Z (Sgn U)f(n (xo(O)y s axa(n)) yLo(l+n)s - -+ ax(r(m+n))
JES(W‘Fl‘WL)
— (71)mn Z (SgnU)U(ﬁ(Io(o)’ s 7$U(m))7xo(m+1)7 s 7xa(m+n))
O'ES(m+1,n)
for any elements (zg, ..., Tmin)-

PROPOSITION 3
Suppose that A is a unital module over a commutative ring and let £ and 7 be
alternating mappings on the unital module A. The multilinear mapping

(o, -, Tmtn)

= Z (5gn 0)5(77(330—(0)’ s 7xa(n)) yLo(l4n)s - -+ 7xa(m+n))

065(n+1,m)
is alternating.

DEFINITION 3
Suppose that A is a unital module over a commutative ring and let £ and 71 be
alternating mappings on the unital module A. The alternating mapping [£, 7]
is called the Schouten—Nijenhuis bracket of the alternating mappings £ and 7.

PROPOSITION 4
Suppose that A is a unital module over a commutative ring and let p be a bilinear
mapping on the unital module A. Suppose that £ and 7 are alternating mul-
tiderivations with respect to the bilinear mapping p. The Schouten—Nijenhuis
bracket [¢, )] is an alternating multiderivation with respect to the bilinear map-
ping 4.

Proof. 1t is sufficient to show that the linear mapping

To > [57”](z0ax17 cee 7xm+n)

is a derivation with respect to the bilinear mapping p for any elements (xq, - . . , Tman)
since the Schouten—Nijenhuis bracket [£, 7] is alternating. The linear mapping

To — Z (sgn 0)5(77 ($0(0)7 s axo(n)) yLo(l+n)s - -+ 7xa(m+n)>
0ES(nt1,m)

o (0)#0
— (_1)mn Z (Sgng)n(f(l‘a(o)’ s axa(m))vxa(erl)v o 7xa(m+n))

Ues(m+l,7l)
o (0)#0



is a derivation with respect to the bilinear mapping p by Proposition The
linear mapping

ZTo Z (Sgn 0)5(77(%(0), s 7xa(n)) yLo(14n)y - - - 71'a(m+n))

TE€S(n+1,m)
o(0)=0
— (71)mn Z (Sgn 0—)77(5 (1’0(0)7 s ’wo(m)) yLo(m+1)s -+ axa(m-‘rn))
€S (mt1,n)
o(0)=0
= (—1)7"” Z (Sgn U) (5 (77 (3707 LTo(m+1)y--- 7xa(m+n)) yLa(1)s -+ - 7xa(m))
Ues(vn,n)

- 77(5(%7 To(1)y--- 7x0(m))7xa(m+l)v cee ’I'U(TYL—‘,-'IL)))

is a derivation with respect to the bilinear mapping p by Proposition O

PROPOSITION 5
The Schouten—Nijenhuis bracket [, 7] of smooth polyvector fields £ and 7 on a
smooth manifold is a smooth polyvector field on the smooth manifold.

PROPOSITION 6
Suppose that U is an open submanifold of a smooth manifold X. The following
diagram commutes.

Vm—i—l(X) X Vn+1(X) SN Vm+n+1(X)
l l : (&m) = [€m].
Vnz+1(U) X V7z+1(U) SN Vm—i—n—i—l(U)

PROPOSITION 7
Suppose that £ is a linear mapping and let 1 be an alternating mapping on a
unital module over a commutative ring. We have

& =¢gon—no s*m Vecesnm.

m=1

PROPOSITION 8
Suppose that S is a set and let A be a unital module over a commutative ring
R. The set A® is a unital module over the commutative ring R.

PROPOSITION 9
Suppose that Ay, ..., A,, A are unital modules over a commutative ring R.

1. The set of multilinear mapping of the product [ _, A, into the unital
module A is a submodule of the unital module

A =1 Am.



2. The unital module homg ()" _, A, A) is isomorphic to the unital module
of multilinear mappings of the product []" _, A,, into the unital module
A.

ProrosiTioN 10
Suppose that A, B, C are unital modules over a commutative ring R. The

mapping
hOHlR(B,C) X homR(Aa B) - hOmR(A,C), (5777) = 5077
is bilinear over the commutative ring R.

ProprosIiTION 11
Suppose that A is a unital module over a commutative ring R.

1. The unital module hompg (A, A) is an algebra with identity over the com-
mutative ring R.

2. The algebra hompg(A, A) is called the endomorphism algebra of the unital
module A.

DEFINITION 4
Suppose that £ is a linear mapping and let n be a multilinear mapping on a
unital module over a commutative ring.

1. We define the multilinear mapping

Em =Eon—mno) M D aes®rm.

m=1
2. The multilinear mapping [£, 7] is called the Lie derivative of the multilinear

mapping 7 with respect to the linear mapping &.

3. The linear mapping ¢ is called a derivation with respect to the multilinear
mapping 7 if we have [£, 5] = 0.

PROPOSITION 12
Suppose that £ is a linear mapping and let 1 be a multilinear mapping on a
unital module over a commutative ring. We have

n
[5777](:517 e ,.Tn) = gn(xla s 7xn) - Z n(wla e 7xm71)€xm7xm+l7 s 7xn)
m=1
for any elements (z1,...,2,).

PRrROPOSITION 13
Suppose that ¢ is a linear mapping on a unital module over a commutative ring
and let x be an element of the unital module. We have

[67 Z‘] =§x.



PROPOSITION 14
Suppose that A is a unital module over a commutative ring R. The mapping

hOI’HR(A, A) X homR(A(Xma A) — homR(A®n7 A)7 (51 77) = [67 77]
is bilinear over the commutative ring R.

PROPOSITION 15
Suppose that A is a unital module over a commutative ring R and let n be
a multilinear mapping on the unital module A. The set der, A of derivations
with respect to the multilinear mapping 7 is a submodule of the endomorphism
algebra homp (A4, A).

ProproSITION 16
Suppose that A is a unital module over a commutative ring R and let n be a
multilinear mapping on the unital module A. The set

dery A = {5 € homp(A®" A) : £ is a multiderivation

with respect to the multilinear mapping n }

is a submodule of the unital module hompg(A®", A).

PROPOSITION 17
Suppose that p is a multilinear mapping on a unital module over a commutative
ring and let & and 7 be derivations with respect to the multilinear mapping .
The commutator [, 7] is a derivation with respect to the multilinear mapping

L.
Proof. We have

E,mopu=(on—nol)op

o 3069 g [ 5700

m=1

O

PROPOSITION 18
Suppose that p is a multilinear mapping on a unital module over a commutative
ring. Suppose that £ is a derivation and let n be a multiderivation with respect
to the multilinear mapping p. The Lie derivative [£, n] is a multiderivation with
respect to the multilinear mapping p.

ProOPOSITION 19
The Lie derivative [£,7)] of a smooth contravariant tensor field 7 with respect to
a smooth vector field £ on a smooth manfiold is a smooth contravariant tensor
field on the smooth manifold.



ProprosITION 20
Suppose that U is an open submanifold of a smooth manifold X. The following
diagram commutes.

der” C®(X) — der” C®(X)
l J : n = & ).
der” C(U) —— der” C*>(U)

ProprosITION 21
Suppose that A is a unital module over a commutative ring and let p be a
bilinear mapping on the unital module A. Suppose that £ is a derivation with
respect to the bilinear mapping p and let n and ¢ be multilinear mappings on
the unital module A. We have

[€,n@uc=1[6n@u¢+n®, 8]

Proof. We have

[f,n@MC] =&opo(n®{)—po <<n025®(k—1)®€®5®(m—k)) ®C)

k=1

—po <77 ® (( o En:5®(k_l) ®E® 5®(n_k))>
k=1

= <§ on—mno ié@(kfl) RER §®(m7k)) ®, ¢
k=1

+1n ®u (5 o C — C o Zn:(S@(k*l) ® g ® 5®(n7k))

k=1
= [5;77] ®uC+ny [gad

O

PROPOSITION 22
Suppose that £ is a smooth vector field and let 7 and ¢ be smooth contravariant
tensor fields on a smooth manifold. We have

Ened=[Ene¢+n®][¢ ]

PROPOSITION 23
Suppose that M is a unital module and let A be a commutative algebra with
identity over a commutative ring R. The unital module hompg(M, A) is a unital
module over the commutative algebra A.

ProrosiTION 24
Suppose that M is a unital module and let A be an algebra over a commutative
ring R. The unital module homg(M, A) is a bimodule over the algebra A.



PROPOSITION 25
Suppose that £ is a derivation and let 7 be a multilinear mapping on an algebra

over a commutative ring with identity. Suppose that x is an element of the
algebra. We have

(€, zn] = (§x)n + z[€, 7).
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