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1 Tensor Products of Multilinear Mappings

Suppose that A1, . . . , Am+n, A are unital modules over a commutative ring R
and let µ be a bilinear mapping on the unital module A.

Proposition 1
The mapping

homR(

m⊗
k=1

Ak, A)× homR(

m+n⊗
k=m+1

Ak, A)→ homR(

m+n⊗
k=1

Ak, A),

(ξ, η) 7→ ξ ⊗µ η = µ ◦ (ξ ⊗ η)

is bilinear over the commutative ring R.

Suppose that (ξ, η) is an element of the product

homR(

m⊗
k=1

Ak, A)× homR(

m+n⊗
k=m+1

Ak, A).

Proposition 2
We have

(ξ ⊗µ η)(x1, . . . , xm+n) = µ
(
ξ(x1, . . . , xm), η(xm+1, . . . , xm+n)

)
for any elements (x1, . . . , xm+n).

2 Schouten–Nijenhuis Bracket

Definition 1
We define

S(m,n) =
{
σ ∈ Sm+n : σ(1) < · · · < σ(m) and σ(m+ 1) < · · · < σ(m+ n)

}
.
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Definition 2
Suppose that A is a unital module over a commutative ring and let ξ and η be
alternating mappings on the unital module A. We define

[ξ, η](x0, . . . , xm+n)

=
∑

σ∈S(n+1,m)

(sgnσ)ξ
(
η
(
xσ(0), . . . , xσ(n)

)
, xσ(1+n), . . . , xσ(m+n)

)
− (−1)mn

∑
σ∈S(m+1,n)

(sgnσ)η
(
ξ
(
xσ(0), . . . , xσ(m)

)
, xσ(m+1), . . . , xσ(m+n)

)
for any elements (x0, . . . , xm+n).

Proposition 3
Suppose that A is a unital module over a commutative ring and let ξ and η be
alternating mappings on the unital module A. The multilinear mapping

(x0, . . . , xm+n)

7→
∑

σ∈S(n+1,m)

(sgnσ)ξ
(
η
(
xσ(0), . . . , xσ(n)

)
, xσ(1+n), . . . , xσ(m+n)

)
is alternating.

Definition 3
Suppose that A is a unital module over a commutative ring and let ξ and η be
alternating mappings on the unital module A. The alternating mapping [ξ, η]
is called the Schouten–Nijenhuis bracket of the alternating mappings ξ and η.

Proposition 4
Suppose thatA is a unital module over a commutative ring and let µ be a bilinear
mapping on the unital module A. Suppose that ξ and η are alternating mul-
tiderivations with respect to the bilinear mapping µ. The Schouten–Nijenhuis
bracket [ξ, η] is an alternating multiderivation with respect to the bilinear map-
ping µ.

Proof. It is sufficient to show that the linear mapping

x0 7→ [ξ, η](x0, x1, . . . , xm+n)

is a derivation with respect to the bilinear mapping µ for any elements (x0, . . . , xm+n)
since the Schouten–Nijenhuis bracket [ξ, η] is alternating. The linear mapping

x0 7→
∑

σ∈S(n+1,m)

σ(0) 6=0

(sgnσ)ξ
(
η
(
xσ(0), . . . , xσ(n)

)
, xσ(1+n), . . . , xσ(m+n)

)

− (−1)mn
∑

σ∈S(m+1,n)

σ(0) 6=0

(sgnσ)η
(
ξ
(
xσ(0), . . . , xσ(m)

)
, xσ(m+1), . . . , xσ(m+n)

)
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is a derivation with respect to the bilinear mapping µ by Proposition 15. The
linear mapping

x0 7→
∑

σ∈S(n+1,m)

σ(0)=0

(sgnσ)ξ
(
η
(
xσ(0), . . . , xσ(n)

)
, xσ(1+n), . . . , xσ(m+n)

)

− (−1)mn
∑

σ∈S(m+1,n)

σ(0)=0

(sgnσ)η
(
ξ
(
xσ(0), . . . , xσ(m)

)
, xσ(m+1), . . . , xσ(m+n)

)

= (−1)mn
∑

σ∈S(m,n)

(sgnσ)

(
ξ
(
η
(
x0, xσ(m+1), . . . , xσ(m+n)

)
, xσ(1), . . . , xσ(m)

)
− η
(
ξ
(
x0, xσ(1), . . . , xσ(m)

)
, xσ(m+1), . . . , xσ(m+n)

))
is a derivation with respect to the bilinear mapping µ by Proposition 17.

Proposition 5
The Schouten–Nijenhuis bracket [ξ, η] of smooth polyvector fields ξ and η on a
smooth manifold is a smooth polyvector field on the smooth manifold.

Proposition 6
Suppose that U is an open submanifold of a smooth manifold X. The following
diagram commutes.

V m+1(X)× V n+1(X) −−−−→ V m+n+1(X)y y
V m+1(U)× V n+1(U) −−−−→ V m+n+1(U)

, (ξ, η) 7→ [ξ, η].

Proposition 7
Suppose that ξ is a linear mapping and let η be an alternating mapping on a
unital module over a commutative ring. We have

[ξ, η] = ξ ◦ η − η ◦
n∑

m=1

δ⊗(m−1) ⊗ ξ ⊗ δ⊗(n−m).

Proposition 8
Suppose that S is a set and let A be a unital module over a commutative ring
R. The set AS is a unital module over the commutative ring R.

Proposition 9
Suppose that A1, . . . , An, A are unital modules over a commutative ring R.

1. The set of multilinear mapping of the product
∏n
m=1Am into the unital

module A is a submodule of the unital module

A
∏n

m=1 Am .
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2. The unital module homR(
⊗n

m=1Am, A) is isomorphic to the unital module
of multilinear mappings of the product

∏n
m=1Am into the unital module

A.

Proposition 10
Suppose that A, B, C are unital modules over a commutative ring R. The
mapping

homR(B,C)× homR(A,B)→ homR(A,C), (ξ, η) 7→ ξ ◦ η

is bilinear over the commutative ring R.

Proposition 11
Suppose that A is a unital module over a commutative ring R.

1. The unital module homR(A,A) is an algebra with identity over the com-
mutative ring R.

2. The algebra homR(A,A) is called the endomorphism algebra of the unital
module A.

Definition 4
Suppose that ξ is a linear mapping and let η be a multilinear mapping on a
unital module over a commutative ring.

1. We define the multilinear mapping

[ξ, η] = ξ ◦ η − η ◦
n∑

m=1

δ⊗(m−1) ⊗ ξ ⊗ δ⊗(n−m).

2. The multilinear mapping [ξ, η] is called the Lie derivative of the multilinear
mapping η with respect to the linear mapping ξ.

3. The linear mapping ξ is called a derivation with respect to the multilinear
mapping η if we have [ξ, η] = 0.

Proposition 12
Suppose that ξ is a linear mapping and let η be a multilinear mapping on a
unital module over a commutative ring. We have

[ξ, η](x1, . . . , xn) = ξη(x1, . . . , xn)−
n∑

m=1

η(x1, . . . , xm−1, ξxm, xm+1, . . . , xn)

for any elements (x1, . . . , xn).

Proposition 13
Suppose that ξ is a linear mapping on a unital module over a commutative ring
and let x be an element of the unital module. We have

[ξ, x] = ξx.
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Proposition 14
Suppose that A is a unital module over a commutative ring R. The mapping

homR(A,A)× homR(A⊗n, A)→ homR(A⊗n, A), (ξ, η) 7→ [ξ, η]

is bilinear over the commutative ring R.

Proposition 15
Suppose that A is a unital module over a commutative ring R and let η be
a multilinear mapping on the unital module A. The set derη A of derivations
with respect to the multilinear mapping η is a submodule of the endomorphism
algebra homR(A,A).

Proposition 16
Suppose that A is a unital module over a commutative ring R and let η be a
multilinear mapping on the unital module A. The set

dernη A =
{
ξ ∈ homR(A⊗n, A) : ξ is a multiderivation

with respect to the multilinear mapping η
}

is a submodule of the unital module homR(A⊗n, A).

Proposition 17
Suppose that µ is a multilinear mapping on a unital module over a commutative
ring and let ξ and η be derivations with respect to the multilinear mapping µ.
The commutator [ξ, η] is a derivation with respect to the multilinear mapping
µ.

Proof. We have

[ξ, η] ◦ µ = (ξ ◦ η − η ◦ ξ) ◦ µ

= µ ◦
n∑

m=1

δ⊗(m−1) ⊗ [ξ, η]⊗ δ⊗(n−m).

Proposition 18
Suppose that µ is a multilinear mapping on a unital module over a commutative
ring. Suppose that ξ is a derivation and let η be a multiderivation with respect
to the multilinear mapping µ. The Lie derivative [ξ, η] is a multiderivation with
respect to the multilinear mapping µ.

Proposition 19
The Lie derivative [ξ, η] of a smooth contravariant tensor field η with respect to
a smooth vector field ξ on a smooth manfiold is a smooth contravariant tensor
field on the smooth manifold.
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Proposition 20
Suppose that U is an open submanifold of a smooth manifold X. The following
diagram commutes.

dern C∞(X) −−−−→ dern C∞(X)y y
dern C∞(U) −−−−→ dern C∞(U)

, η 7→ [ξ, η].

Proposition 21
Suppose that A is a unital module over a commutative ring and let µ be a
bilinear mapping on the unital module A. Suppose that ξ is a derivation with
respect to the bilinear mapping µ and let η and ζ be multilinear mappings on
the unital module A. We have

[ξ, η ⊗µ ζ] = [ξ, η]⊗µ ζ + η ⊗µ [ξ, ζ].

Proof. We have

[ξ, η ⊗µ ζ] = ξ ◦ µ ◦ (η ⊗ ζ)− µ ◦
((

η ◦
m∑
k=1

δ⊗(k−1) ⊗ ξ ⊗ δ⊗(m−k)
)
⊗ ζ
)

− µ ◦
(
η ⊗

(
ζ ◦

n∑
k=1

δ⊗(k−1) ⊗ ξ ⊗ δ⊗(n−k)
))

=
(
ξ ◦ η − η ◦

m∑
k=1

δ⊗(k−1) ⊗ ξ ⊗ δ⊗(m−k)
)
⊗µ ζ

+ η ⊗µ
(
ξ ◦ ζ − ζ ◦

n∑
k=1

δ⊗(k−1) ⊗ ξ ⊗ δ⊗(n−k)
)

= [ξ, η]⊗µ ζ + η ⊗µ [ξ, ζ].

Proposition 22
Suppose that ξ is a smooth vector field and let η and ζ be smooth contravariant
tensor fields on a smooth manifold. We have

[ξ, η ⊗ ζ] = [ξ, η]⊗ ζ + η ⊗ [ξ, ζ].

Proposition 23
Suppose that M is a unital module and let A be a commutative algebra with
identity over a commutative ring R. The unital module homR(M,A) is a unital
module over the commutative algebra A.

Proposition 24
Suppose that M is a unital module and let A be an algebra over a commutative
ring R. The unital module homR(M,A) is a bimodule over the algebra A.
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Proposition 25
Suppose that ξ is a derivation and let η be a multilinear mapping on an algebra
over a commutative ring with identity. Suppose that x is an element of the
algebra. We have

[ξ, xη] = (ξx)η + x[ξ, η].
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