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Motivation 1 — Integrable Systems

Argument

Let (M, ) be a Poisson manifold.

Integrable Systems

Motivation

A central objective is to construct a sufficiently large
Poisson-commutative family in C>°M.

A classical method to produce such families is the
argument-shift construction of Mishchenko and Fomenko.

Theorem (A. Mishchenko and A. Fomenko, 1978)
Let € be a vector field on M with £§7r = 0. We have

{gmx,gny} =0, Vm,Vn

for any Casimir functions x and y € C*°M.
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A deformation quantization of the Poisson manifold M is an
R[[v]]-bilinear associative product on (C*°M)[[v]] of the form

Motivation

o0
x*yzxy—ky{);’y}vLZV"Bn(X?y), x,y € CM,
n=2

where each B, is a bidifferential operator. The first-order term
recovers the Dirac correspondence rule

Xky —y*X
ot <[]
v v=0
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Quantum Integrable Systems

Motivation

A central objective is to construct a sufficiently large
*-commutative family in (C*M)[[v]].

Motivation
A quantized argument-shift construction (when it exists) is
expected to yield commutation relations of the form

@)+ (@)= @)+ (@) vmn

for any x-central elements x and y € (C>*M)[[v]].



Quantum Partial Derivatives

Argument

B Lct g be a finite-dimensional real Lie algebra.

The dual space g* is a Poisson manifold.

Derivatives

Let £ be an element of the Poisson manifold g*. The
vector field O¢ in the direction £ is given by

B d P d .
O¢ = Zf(xi)a =Y &d
i=1 ! i=1




Quantum Partial Derivatives
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Consider a deformation quantization.

m The universal enveloping algebra Ug describes a
deformation quantization of the Poisson manifold g* at
v=1.

Derivatives

m The symmetric algebra Sg is the algebra of polynomial
functions on the Poisson manifold g* and the associated
graded algebra of the universal enveloping algebra Ug.

m |t suffices to construct suitable quantum partial derivatives
0" in order to quantize the classical shift operator O¢.

m Gurevich, Pyatov, and Saponov introduced such quantum
partial derivatives 9; for g = gl;.



Quantum Partial Derivatives

Argument We restrict to the case g = gl,. Let e} be the standard basis
Yasushi lkeda elements of g[d and Set

1 1

Derivatives el ed
e=1... ...

ef ed

They satisfy the commutation relations

N S RV /RN - N Y N /1
[ejl’ ejz] - 6]2 i 5]1 €

We define an operator on the symmetric algebra Sgl,

Tix ... Oix o,
EX: .............. ; ajzi
—d d e



Quantum Partial Derivatives
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The partial derivatives

Derivatives

Sgl, — Sgly, X c‘_?J':x

are the unique linear mappings satisfying the following.
Ov = 0 for any scalar v.
tr(&e) = ¢ for any numerical matrix €.
(Leibniz rule)

A(xy) = (dx)y + x(dy)

for any elements x and y of Sgl,,.



Quantum Partial Derivatives
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m There are no such derivations of Ugl, since Ugly is
noncommutative: the Leibniz rule implies

Derivatives

8<e’1e’2 e’ze”) =0,

J1 )2 J2 N1

€~ %% J2 Jl Jj2
m One can modify the Leibniz rule and introduce
well-defined quantum partial derivatives of Ugl,.

while 0(f1e? — 5f2el) = 01 Ef — 62E] £ 0.



Quantum Partial Derivatives
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Yasushi Ikeda Definition (Gurevich, Pyatov, and Saponov, 2012)

The quantum partial derivatives

Derivatives

Ugl, — Ugly, x = djx

are the unique linear mappings satisfying the following.
dv = 0 for any scalar v.
otr(£e) = & for any numerical matrix &.
(quantum Leibniz rule)

A(xy) = (9x)y + x(9y) + | (9x)(9y)

for any elements x and y of Ugl,.



Quantum Partial Derivatives
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Remark
The linear operator

Derivatives

Ugly — Mg(Ugly),  x— diag(x,...,x)+ 0x = Dx
is a unital algebra homomorphism by the quantum Leibniz rule.

m Equivalently,
D = (id®p)oA,

where A denotes the comultiplication on Ugl, and
p: Ugly — My is the extension of the standard
representation of gl; on CY.

m We may define the quantum partial derivatives 0! either
explicitly or using the homomorphism D = (id ® p) o A.



Main Theorem
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Suppose £ is a numerical matrix and let Dy = tr((D). The
Bl following is our main theorem.

Theorem (I. and Sharygin, 2024)

UZOZO{ Dgx DX IS central} is a commuting family.

m We may assume that £ is diagonal with diagonal entries
(z1,...,2z4) mutually distinct since such matrices with
their conjugates form a dense subset of M.

m Vinberg and Rybnikov showed that the centralizer of

is a commutative subalgebra of Ugl.



Main Theorem
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m The proof is carried out by showing that the quantum shift
8gx commutes with these elements by induction on n.

m It reduces to proving

cie

[Z z; I—jzj" Dﬁx] =9, Had Z zj —Jz-’

J#i J

De|.D¢| = 0.

m The second condition can be verified by direct
computation.

m The first condition reduces to computing the first-order
quantum shift of an arbitrary central element.



Formula
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We compute the quantum shifts Dgx for an arbitrary central
element x. The center C of Ugl, is a free commutative algebra
generated by

Formula

tre, ce tred.

They are the Gelfand invariants. It is necessary and even
sufficient to compute the quantum partial derivatives D(e”)J’-.



Formula
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Vacuchi leda | obtained the following formula for the quantum partial
n

. 1+£(-1)"""(n-1
derivatives. Define fi( )(X) = Z # <n >Xm.

2 m
m=0

Theorem (I, 2022)
We have

Formula

D(e™i= 3" (KM (e)(e™)i + "™ (e);(e™))

Il
—~
—
(0}

3
~—

P e) + (em); £ (e))

m=0

for any nonnegative integer n.
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We denote the i-th row and j-th column of a matrix A by

Formula

A= (AL ... A, Aj =

This formula is used to establish the base case of the induction.



Formula
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CCEEEN  \\e assume the following form

n

D(eMi =" (g (e)(e™)i+ hi(e);(e™)),

m=0

(n)

where g,(n") and hy,’ are polynomials. By the quantum Leibniz
rule and the commutation relations

Formula

(™), ef] = (o] — 35 (e
We obtained the initial condition

g0 =1, BV (x) = 0
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. and the recursive relation

&4V (x Z hD (x

Formula

640700 = 8,4, O<m<n+l,
hin D (x) = m>(x>+h£ﬁ’(x)x, 0<m<n+l,
A (x) =
n+1

Its solution is

g (x) = FM(x), W (x) = £ (x).
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Our theorem vyields an increasing sequence of commutative
subalgebras

0 _ () _ -1 pn
¥ =c " =c"Vpgcl.

Generators

Using the formula above we obtain

C(l) C(O)[tr(ge): :1,2,...],

.
- c(l)[ (PO P()n);ym_n\gl].
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Here let P{™ (m,n € Z>0) be the matrices of binomial
coefficients determined by the formal identity

m-+n

mefn—j+1)(x) = Z (P,(,m))lix’-_l,

; J
Generators i=1

)

where x is a formal variable. We also set P, = P,(,0 :
For any matrix A define

Te(A) =D Altr(ge’ e ).
i
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To describe C€(2) we need the following lemma.

We have
Generators T I
0 P, 2n — k 2n—k —1 (m+k)
= P
(omar 7) =2 (70 (72T)
0 PIN . /2n—k (m-+k) (mks1)

for any nonnegative integers m and n.
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Define the mapping o on n x n matrices x by

xi 0 -0

Generators Xf —+ X% X22 e 0
o(x) = )

X +xg X 4xg o xp

The lemma is equivalent to the following identities.



Generators
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For any nonnegative integers ny, ny, n3, we have

2n1 +np+2n3+1 ny + 2n3
+
2n3 2n3
> n+n2+n3+ng+1 ni+ny+n3+ng
= +
— 2n4 2n4

<n1 + n3 — n4>
2(”3 — n4) '

Generators



Generators
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Moreover,

2n1 +np +2n3+ 2 n 4+ 2n3
4
2n3 2[73

_i m +np+n3+ng+1
N 2n4

n4:0

(( ey 1) i (né(;ni _)) )

Generators
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Vsl (lesk For any nonnegative integers m and n, we have
y

2n— k 2n— k-1 (m+k+1)
= f
Generators k=0 < ( k > + ( k - 1 > ) B (X)X

and
f-(m+2n+2)( )+f(m+l)( ) 2n+1

e G [ !



Generators

A These identities reduce to the following binomial relations.
Yasushi lkeda For £ = 0' 1,

PEAR B GRALES ST CA
(Con o)+ 0 i)
() [V B oY (b Ay [

()= ()0)
ST )



Generators

Argument

Yasushi lkeda

The generators are tr(fe), tr(§e2), ...and

tr({2 )
tr(2 £2e? + &ete),
Generators tr(¢%e® + gece?),
tr(2§2e4+2§e§e + £ete? + £26%),
tr(¢%e® + Cece® + £’ + £2€%),
tr(262€® + 2¢ege® + 2¢e¢e® + ce¢e’ +4§2e4+§e§e)
tr(§2e7+§efe + £e%¢e® + ce3cet +3§2e5+§e§e)

They are mutually commutative.
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