Quantum partial derivatives and
argument shift method

Yasushi lkeda

Moscow State University

November 10, 2024



Outline

Quantum shift

Lie algebra and quantization
Argument shift method (classical and quantum)
Formula for quantum partial derivatives
Generators of quantum argument shift algebra

Appendix: Deformation quantization of Poisson manifold



Algebra

Quantum shift

Yasushi lkeda

Definition (Algebra)

Lie algebra
An algebra is a vector space A with an associative bilinear

mapping

A% A, (x,y) — xy.

m The set M(d,C) of d by d complex matrices is an
complex algebra.

m Suppose that H is a Hilbert space. The set B(H) of
bounded linear operators on the Hilbert space H is a
complex algebra.



Commutator and Lie algebra
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Remark (Commutator)

Lie algebra

The alternating mapping
A2 = A, (x,y) = [,y = xy — yx

satisfies the Jacobi identity.

Definition (Lie algebra)

A Lie algebra is a vector space g with an alternating mapping

g’ g, (x,y) = [x,]

satisfying the Jacobi identity.



General linear Lie algebra
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Lie algebra

Any algebra is a Lie algebra.

Any Lie algebra is isomorphic to a Lie subalgebra of some
algebra by the Poincaré—Birkhoff-Witt theorem.

Remark

The notion of Lie algebras is an abstraction of commutators.

Definition (General linear Lie algebra)

The general linear Lie algebra g/(d,C) = M(d,C).




Ado's theorem
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Lie algebra

Theorem (Ado)

Any finite dimensional complex Lie algebra g is isomorphic to a
Lie subalgebra of the general linear Lie algebra gl(d,C) for
some d.

Suppose that (e, ..., eq) is a basis of a finite dimensional
complex Lie algebra g.
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Lie algebra Definition (Symmetric algebra)

The symmetric algebra Sg is an algebra generated by the
elements (e, ..., eq) subject to the defining relations

€m€n = €n€m, mn=1...,d.

Remark

The symmetric algebra Sg is nothing but the polynomial
algebra Cley, .. ., e4].



Universal enveloping algebra

Quantum shift

Yasushi lkeda

Lie algebra Definition (Universal enveloping algebra)

The universal enveloping algebra Ug is an algebra generated by
the elements (eq, ..., eq4) subject to the defining relations

€m€R = €h€m I [€m; €nl; mn=1,...,d.

Remark

The universal enveloping algebra Ug is a quantization of the
symmetric algebra Sg.



Lie—Poisson bracket
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Theorem (Lie—Poisson bracket)

Lie algebra . . . ;
There exists a unique Poisson bracket on the symmetric algebra

Sg extending the Lie bracket on the Lie algebra g.

Poisson bracket
— 5g

Sg x Sg

I I

Lie bracket,

gX8 - 8

Remark

We have gr Ug = Sg.



Classical argument shift method
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Suppose that £ is an element of the dual space g* and let

0

= 0
Argument 6§ :g(el)aiel_‘_—i_g(ed)aied

be a derivation on the symmetric algebra Sg.

Theorem (Mishchenko and Fomenko, 1978)
The family

G { 5§x : X is Poisson centra/} (1)
n=0

is Poisson commutative.
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Definition (Argument shift algebra)

TS The Poisson commutative subalgebra ?g generated by the
Poisson commutative family (1) is called the argument shift
algebra in the direction &.

Definition (Quantum argument shift algebra)

A commutative subalgebra C¢ of the universal enveloping

algebra Ug satisfying gr C¢ = fg is called a quantum argument
shift algebra in the direction &.

The motivation for my talk is to quantize not only the algebra
C¢ but also the derivation O¢.
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be a matrix satisfying the following.

{ej:i,jzl,...,d}

is a basis of the general linear Lie algebra g/(d,C).

Argument [ IEEILICICRL ISR

m The set

m We have the commutation relations

i k] _ gii i s 0
[ejl ’ ejz] - 5]2 i 61'1 €
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Argument

We define

- Tx ... Oux o,
Ox= | ..., , 81'- = o
99 x d9x Oe;

for any element x of the symmetric algebra Sgl(d, C).



Differential operator
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The differential operator

freumert Sgl(d,C) — M(d, Sgl(d,C)), X = dx
is a unique linear operator satisfying the following.

Ov = 0 for any scalar v.

Otr(&e) = ¢ for any numerical matrix .

(Leibniz rule)

A(xy) = (dx)y + x(dy)

for any elements x and y of the symmetric algebra
Sgl(d,C).



Quantum differential operator
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Definition (Gurevich, Pyatov, and Saponov, 2012)
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The quantum differential operator

Argument
: Ugl(d,C) — M(d, Ugl(d,C)), 5 b e
is a unique linear operator satisfying the following.

dv = 0 for any scalar v.

otr(£e) = & for any numerical matrix &.

(quantum Leibniz rule)

A(xy) = (9x)y + x(9y) + (0x)(0y)

for any elements x and y of the universal enveloping
algebra Ugl(d,C).
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Suppose that £ is a numerical matrix and let 9; = tr(£0).

Theorem (I. and Sharygin, 2023)

Argument

The family

(e.9]

U { Ofx :x is centra/} (2)

n=0

is commutative.

Corollary

The subalgebra C¢ generated by the family (2) is a quantum
argument shift algebra in the direction &.



Gelfand invariants
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Formula

Remark (Gelfand invariants)

The center C of the universal enveloping algebra Ugl/(d,C) is
generated by the elements {tr e, ... tr ed}.



Quantum differential operator (modified)
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The linear operator

Formula

Ugl(d,C) — M(d, Ugl(d,C)), x> diag(x,...,x)+ x

is an algebraic homomorphism and will be denoted by O from
now on. We have the quantum Leibniz rule

9(xy) = (0x)(dy)

for any elements x and y of the universal enveloping algebra

Ugl(d,C).
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Formula

Theorem (I, 2022)
We have

a(eni =S (F" ™ (e)(e™)i + £ (e);(e™))

= > (M e) + (M e)).
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Zamulk We assume the following form

n

a(emi="3" (g (e)(e™)i+ hi(e);(e™)),

m=0

where g,(,,") and hg,';) are polynomials.
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We have

Formula d d
a(e™M)i=>_"0((eMief) = > _(a(eMi
k=1 k=1
n d ] .
=33 (6 ()™ + AP ()(e™)) (ef + EF)
m=0 k=1

by the quantum Leibniz rule and the induction hypothesis.
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n+1

(e )i = Zh(” (e) '"5'+Zg ) (e)(e™

Formula

- Z )+ hi)(e)e) (e™)

n+1
= 3" (g )™ + M (e)s(em))
m=0

by the commutation relations
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We obtained the initial condition

Formula

and the recursive relation

n

g ) =3 A )X,

m=0
g ) = g (), O<msntl,
W () = g () + h(x)x,  0<m<n+1,

hD ) =o.
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Formula

Its solution is

g (x) = £ M(x), A (x) = £ (x).
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—1 —1. We have

We adhere to the convention that tre

ny m
de[Jrrem = 3 tre™ S wremwr( [ ™™ (e)),
m m=-1 my=-—1 k
n m fm=m n2—m;
6£2Htre”’": Z tre™ Z tre™ Z Z
m my=— m=- =0 k=

tr<§ H ﬂ(rk‘)(e)atr(f H ffrme_ke (e)))
L l
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0)
Ce

I
o
9
3
I
A
3
=
~3
0,

We have

Generators
Cg(l) = Cg(o) _tr(fe”) in= 1,2,...},

C(2):CE(1) (Tgoa) 0 "):m,n=0,1,2,...]

3
.
P %)ﬂm—méq.

= Cf(l) (te 00)
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tr(femfe”f_("_m)(e))7

Generators

) = tr(&e’"ﬁ(e”“f,("_m)(e)

+ e”f_("fmﬂ)(e))) )
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The generators are tr(fe), tr(§e2), ...and

tr({2 )
S tr(2%e” + cece).

tr(¢%e® + gece?),

tr(2§2e4+2§e§e + £ete? + £26%),

tr(¢%e® + Cece® + £’ + £2€%),

tr(262€® + 2¢ege® + 2¢e¢e® + ce¢e’ +4§2e4+§e§e)
tr(§2e7+§efe + £e%¢e® + ce3cet +3§2e5+§e§e)

They are mutually commutative.
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Suppose that M is a smooth manifold and let
CP¥(M) x C(M) = C*(M),  (x,y) = {x,y}

be a Poisson bracket. A star product

Deformation

CT(M) x C=(M) = C(M)[[V]];

(,¥) = xxy =xy+ Y Ba(x,y)v"

n=1

is called a deformation quantization if it satisfies the following.
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By, By,
Associativity.
We have

... are bidifferential operators.

Deformation

X*xY —Yy*X

i) - Balyx) = | Lﬂ—mw

v
for any smooth functions x and y.

Theorem (Kontsevich, 2003)

Any Poisson manifold has a deformation quantization.



Deformation quantization
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The dual space g* of a Lie algebra g is a Poisson manifold.

Remark

The image of the restriction of the star product on the product
Sg x Sg is contained in the polynomial algebra (Sg)[v].

Deformation

It makes sense to put v = 1 and obtain the star product on the
symmetric algebra Sg.

Theorem

The universal enveloping algebra Ug is isomorphic to the
symmetric algebra Sg with the star product.
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