Commutativity of Second-Order
Quasiderivations in General Linear Lie Algebras

Yasushi lkeda

Moscow State University

April 19
Lomonosov 2023



Commutativity

Outline Introduction

Quasiderivation and Conjecture

Commutativity of First-Order Quasiderivations

Commutativity of Second-Order Quasiderivations

Conclusion



tttttttttt 5(9)9 Fonstant
Z vector 9\'#‘"\
yymme,'fv(c &’j °}Q 3’ :? FQHYDV\ a‘?

M-t JILQOV&W., oluaht‘cj’ofmm

(35) 25 (D) -
‘3,79 2:(500))




)

tttttttttt ion 9§
U(?)O ‘%.“an,nleviv”“’“

Con\ectuve . 3
(254), 0s3) = 0
V)Q, Vjéi(U(ﬁ))




Poisson Bracket on the Dual Space of a Lie Algebra
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m We are going to investigate a quantum analogue of the
ligiglugae theorem of A. Mishchenko and A. Fomenko.

m The dual space g* of a finite dimensional real Lie algebra

g is a Poisson manifold and the following diagram
commutes. Poisson brocke®

C>(g") ® C™(g") —/> Cc>(g")

2

E§®¥g T> g

Lie I}wcL et



Classical Theorem of A. Mishchenko and A.
Fomenko
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The classical theorem of A. Mishchenko and A. Fomenko is the
following.!

Introduction

Theorem (A. Mishchenko and A. Fomenko, 1978)

Suppose that O¢ is a constant vector field on the dual space g*.
We have

{08(x), ¢ (y)} =0
for any m and n and for any Poisson central elements x and y
of the symmetric algebra S(g).

Mishchenko and Fomenko, “Euler equations on finite-dimensional Lie

groups”.



Quantum Analogue of A. Mishchenko and A.
Fomenko
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We are going to investigate a quantum analogue of this
Conjecture theorem .

m We consider g = gl(d, C).
m The symmetric algebra S(g) should be replaced by the
universal enveloping algebra U(g).

m There is a candidate for a “derivation” of the universal
enveloping algebra U(g).




Quasiderivation of Ugl(d, C)

Commutativity

Yasushi lkeda

m Gurevich, Pyatov, and Saponov defined the
quasiderivation of the universal enveloping algebra.?

Conjecture - Let
el ... el
ef ... e

where ej form a linear basis of g/(d,C) and satisfy the
commutation relations [e], ef] = djef — de].

2Gurevich, Pyatov, and Saponov, “Braided Weyl algebras and
differential calculus on U(u(2))".




Quasiderivation of Ugl(d, C)

Commutativity

Definition (Gurevich, Pyatov, and Saponov, 2012)
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The quasiderivation

Ugl(d,C) — M(d, Ugl(d,C)), X — Ox

Conjecture

is a unique linear mapping satisfying the following.
We have 0v = 0 for any scalar v.
We have dtr(£e) = £ for any numerical matrix &.
We have the twisted Leibniz rule

A(xy) = (9x)y + x(9y) + (0x)(0y)

for any elements x and y of the universal enveloping
algebra.



Conjecture (Quantum Analogue)
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Conjecture

Carizaine Suppose that £ is a numerical matrix and let 0z = tr(£0). We
have

[08(x), 9¢(y)] =0
for any m and n and for any central elements x and y of the
universal enveloping algebra Ugl(d, C).

Poisson bracket on S(g) ~» commutator on U(g)



Fundamental Formula and Corollary
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We obtained a fundamental theorem for quasiderivations of
central elements.3

Theorem (I, 2022)

We have the formula

First-Ord
irst-Order =il

o(en; = 3 (e V(e) + (M o)),

m=0
where we define the polynomials

(x+1)" £ (x—1)" _ %M(”)X"’.

n\

m=0

%|keda, “Quasidifferential operator and quantum argument shift
method" .



Fundamental Formula and Corollary
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The center of the universal enveloping algebra
Z(Ugl(d,C)) ~ C[(tre™)d_,]
is a free commutative algebra on the set {tre"}9_,. We have
Oe(x) € spanz{tr(ﬁe”)}:io

for any central element x.

First-Order

Corollary

The conjecture holds for m = n =1. We have

[0e(x), 9¢(y)] =0

for any central elements x and y.



Generators of Second-Order Quasiderivations

LU \\e consider the condition
Yasushi Ikeda [ag(x),ag(tr en)] — 0 (1)

for any central element x and for any n. We have

8§(tr e") = Zn: tr(f@tr(ff_(g)(e))f_("_m_z_l)(e)) tm—1

Second-Order m+¢=0

+ spanz{tr(ﬁei) tr(fej)}?jzoa

-1, m=

tre™, m>

-1
where we define t,, = { . We have

n+1

1) & [tr(gek), 3 tr(ff)tr(ff_(m1)(e))f_("m)(e)>] — 0,
m=0

Vk,Vn. (2)




Generators of Second-Order Quasiderivations

SULBEE  The summation (2) is spanned by the set

{ir(cor(eemer) + w(eou(eenem) )

m,n=0
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Theorem
We have

spanQ{tr(fa tr(¢e™)e”) + tr(£0tr(Ee™)e™) }Oo

Second-Order

m,n=0
= spang {dg tr(¢e™)} "
= spanQ{tr (58 tr(ﬁem)em)a

tr(¢otr(¢e™t)e™) + tr(£otr(¢e™)e™ ) }

oo
m=0

o0

up to the subspace generated by the set {tr(fei) tr(fej)}i’jzo.



Generators of Second-Order Quasiderivations
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Corollary

The following are equivalent.
We have

[0¢(x), 8§(tr e")] =0

for any central element x and for any n.

Second-Order

The elements tr(£eX) commute with the elements

tr(£0tr(ge™)e™),
tr(¢otr(¢e™)e™) + tr(£0tr(¢e™)e™ ).



Generators of Second-Order Quasiderivations

e
We have
SPa”@{tr(fa tr(€e™2M)e") + tr(£D tr(€e)e™2m) }:,n:o
= spang{ds tr(€e®™)} " 4
= spang {tr(€0tr(cemem) |
SPa”@{tr(&? tr(€e™2 T )e") 4 tr(¢Dtr(ce™) e 2L }°°

m,n=0

Second-Order

= spang { Ok tr( §e2’"+1)}m 0

N Span@{tr(fa tr(ge™)e™) + “(ﬁatr(ﬁe’")e’"Jrl)}oo

m=0

up to the subspace generated by the set {tr(¢e’ tr({e’)}w i



Key Matrix and Symmetry

Commutativity

Yasushi lkeda Deflnltlon

We define P, as the n by n submatrix of the following

matrix.

: R x0
cieOer 4 e Cen O 1
Second-Ord f_£3)(x) 1060 1) x2
) [ _]o3010- 2
F®)(x) 10100 ~

£ (x) 0100 0 -

10) 1000 0 -

We define P,(,m) as the matrix Pn's;hifted to the right by m
positions.



Key Matrix and Symmetry
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Suppose that A is a numerical square matrix.
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We define

Second-Order é'e

(pg(A)ztr(f e - §e”71)A

= > Altr(ge™ e ™).

ij=1

We have tr(£0tr(£e™)e™) = gpg(P,(#)).



Key Matrix and Symmetry
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Definition

We define

Al AL+ A2 Al 4+ AR

0 A2 A2 + A
Second-Order T(A) = ) )

0 0 AP

We have @¢(A) = p¢(7(A)) since we have

tr(€e'cel) = tr(celce’).



Main Theorem (Matrix Form)
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We have
0 Poiom) _ ~([2m—¢ 2m — £ — 1\ S(n+0)
Second-Order T (P,T O > - ; (( e + g — 1 Pn+€
and

0 Pryomyr S (2m—{( (n+£) (n+1)
T<PT 0 ):Z( , (Pn+£+1+Pn+€ )



Proof of Main Theorem (Even Case)
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R \We have
tr(§0tr(€e™?Me") + tr(E0tr(Ee)e )
= e (P om + P,(7"+2m))

Second-Order < ( 0 Pn+2m>>
= T
7\T\PT 0
2m —/{ 2m—£{—1 (n+¢)
(7 ) () e

I
NE

4

I
NE

(=0

<<2m£— €> N (ng—_ﬁl— 1>) tr(€0tr(cem™ )em ).



Proof of Main Theorem (Odd Case)
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tr(§8 tr(fe”"’zm“)e”) + tr(§8 tr(gen)en+2m+1)
e )

0 Poiom
Second-Order — @f (7’ (Pr-,,— +é +1>)

2m — ¢ n+¢ n+0+1
< ¢ >90£<P,(7+g+)1 + Py )>

—+
=
Youny

§otr(gem™ T )em™ ) 4 tr(€0tr(ge™ e ) ).



Equivalent Condition (Even Case)
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The first part of the theorem is equivalent to the following.
We have

(2!71 + no + 2n3 + 1) n (nz + 2n3>
Second-Order 2”3 2”3

E((mAmng g+ 1\ (m+m+ns+ong
= -
— 2n4 2n4
(nl + n3 — n4>
X
2(!73 - n4)

for any nonnegative integers (nk)izl.



Equivalent Condition (Even Case)
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We have

20 () xmE (x)

2 l 2m -4 -1 n
Second-Order = Z(( m- ) < mg _ 1 ))Xﬁfi +€)(X)

for any nonnegative integer n.

x+1)"+(x-1)"
5 .

) = {

These conditions have been verified using Mathematica.



Equivalent Condition (Odd Case)
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The second part of the theorem is equivalent to the following.
We have

(2!71 + no + 2n3 + 2) n (nz + 2n3>
Second-Order 2”3 2”3

_i m +np+n3+ng+1
N 2n4

n4:0
<<n1+n3—n4+1> <n1+n3—n4>>
X +
2(/73 — n4) 2(!13 — n4)

for any nonnegative integers (nk)izl.



Equivalent Condition (Odd Case)
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We have
f_i(_n+2m+1)( )+X2m+1f(n)(x)

om—( ] )
Second-Order = Z < m—= )( Zf( +Z+1)( )_|_ Xé+1f£ +Z)(X))

for any nonnegative integer n.

x+1)"+(x—-1)"
5 .

A ) = ¢

These conditions have been verified using Mathematica.



Conclusion
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m In a quantum analogue of the theorem of A. Mishchenko
and A. Fomenko, the derivation of the symmetric algebra
Sgl(d,C) is replaced by the quasiderivation of the
universal enveloping algebra Ugl(d, C).

m We derived a concrete formula and proved the quantum
analogue for order 1. Higher-order quasiderivations can be
computed using this formula as well.

Conclusion

m Complex combinatorial formulas play a critical role in the
calculations for the order 2 case. We verified these
formulas using Mathematica. Uncovering the
representation theory underlying these formulas should be
the key to a general proof of the quantum analogue.
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