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m | will explain and develop a quantum analogue of the
theorem of A. Mishchenko and A. Fomenko.

Outine m Main topics of our research:

Formula for Quantum Argument Shift:
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n—1

o)) = 3 (FT D e)emy + £ D))

m=0

Generators of Second Quantum Argument Shift:
2 1 n n n .
& = P [re(P),7e (P + PO s n e N|
Quantum M-F Theorem (G. Sharygin will talk):

[08'(x), 9£(y)] =0
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m The Lie bracket of a Lie algebra g extends uniquely to a
Poisson bracket on the symmetric algebra S(g). This
Poisson bracket is called the Lie-Poisson bracket.

Introduction

5(9) xS(g) Lie-Poisson 5(9)

I I

Lie
gxg - g
m The universal enveloping algebra U(g) is identified with
the deformation quantisation of the Poisson algebra S(g)
under the condition i = 1.



Theorem of A. Mishchenko and A. Fomenko
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Introduction

Theorem (A. Mishchenko and A. Fomenko, 1978)

Suppose that O is a constant vector field on the dual space g*.
We have

{08(x),0¢(v)} =0
for any m and n and for any Poisson central elements x and y
of the symmetric algebra S(g).



Argument Shift Algebra and Vinberg's Problem
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m The Poisson commutative algebra Q generated by
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{X,@E(X), 852(x), .-+ 1 x is Poisson central }

Introduction
is called the argument shift algebra.

m Vinberg asked whether the algebra ?5 can be quantised to
the commutative subalgebra C; of the universal enveloping
algebra with gr C; = Q

m Vinberg's problem is solved by the Feigin-Frenkel center

m for regular elements £ (Feigin et al. and Rybnikov).
m for simple Lie algebras of types A and C (Futorny, Molev
and Molev, Yakimova).

m We quantise not only the algebra Q but also the
argument shift 0.




Derivation on Sgl(d, C)

Quantum M-F
Construction

Let us consider g = gl(d, C).
m Let
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d o el

Quantum M-F E= e € M(d7 g[(d7 (C))a
ed ed
1 d

where le form a linear basis of gl(d,C) and satisfy the

: : i okl ak§i sk
commutation relation [ej, e ]— & o) — 6j €.

m A constant vector field on the dual space is given by
; 0
0: = tr(£0), 0 = —,
: = tr(£9) i = %

where £ is a numerical matrix.
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The derivation

Sgl(d,C) — M(d,Sgl(d,C)), x> dx = (9ix)?

Quantum M-F J ij=1

is a unique linear mapping satisfying the following.
We have 0v = 0 for any scalar v.
We have dtr({e) = & for any numerical matrix &.
We have the Leibniz rule

d(xy) = (9x)y + x(9y)

for any elements x and y of the symmetric algebra.



Quantum Derivation on Ugl(d, C)
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m There is no such derivation 0 on the universal enveloping
algebra Ugl(d, C) since we obtain a contradiction

Quantum M-F

0= 8<eje,k - e,kej) (Leibniz rule)

= 8<ef‘6f - 5}‘e,") (commutation relation)
= Ejkéf — (5J’-(E,i (second conditon)
# 0.

m Gurevich, Pyatov, and Saponov defined the quantum
derivation on the universal enveloping algebra.



Quantum Derivation on Ugl(d, C)

Quantum M-F

Construction Definition (Gurevich, Pyatov, and Saponov, 2012)

Yasushi lkeda
The|quantum|derivation
d

[Ubl(d,C) — M(d,Tgl(d,C)), x> Ix = (9jx){;—

Quantum M-F

is a unique linear mapping satisfying the following.
We have dv = 0 for any scalar v.
We have dtr(£e) = £ for any numerical matrix &.

We have the Guantum! Leibniz rule
A(xy) = (Ox)y + x(0y) H (9x)(0y)

for any elements x and y of the luniversal enveloping|
algebra.
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Theorem (I. and Sharygin, 2023)

Quantum M-F

Suppose that £ is a numerical matrix and let Oz = tr(£0). We
have

[08(x),8¢(y)] =0
for any m and n and for any central elements x and y of the
universal enveloping algebra Ugl(d,C).

larXiv: 2307.15952]
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n—1
o(en; =D (85 P(e)s(e™) + h(e)(e™)]).
m=0

Formula (

where gm"_l) and hf,',’_l)

are polynomials. We have

n—1
8(en+1)Ji' _ Z (gr(nnfl)(e)e + hgrr:fl)(e)>j(em)i + 5j(en)i
m=0

+Z( D (e)ems) + by V(e)(e™ ;)

by the quantum Leibniz rule and the commutation relation.



Fundamental Formula
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e (n)( )= (nil)( )x + hﬁ,’,”l)(x) for0<m<n
A g n (X)—1f0r0<n

A (x) = 7L gD (x)x™ for 0 < n

hfﬁ)(X) = hf,',’fll)(x) for0<m<n

And the solutions to them are

Formula

g (x) = F" M (x), ) (x) = £ (x),
where
fi,,)(x): (x+1)"+(x—1) _ 1+ (-1)" (n)x’”.
2 2 m

m=0
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We obtain the fundamental formula for the quantum derivation.

Theorem (I, 2022)

Formula

We have the formula

n—1

o= (A" e)(e™y + £ Die)(em))

m=0

for any nonnegative integer n.



Fundamental Formula
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C ~C|(tre")o_]
is a free commutative algebra on the set (tre”)9_;.

Formula Definition

We define Cf(") = C[@gX, o, 0fx i x s central].

Ce =limp 0o Cg(") is the quantum argument shift algebra.

|arXiv: 2309.1 5684|

Corollary
We have Cg(l) = C[tr(¢e") : n e NJ.


Yasushi Ikeda
arXiv: 2309.15684


Generators of Second Quantum Argument Shift

Quantum M-F
Construction

Yasushi lkeda

The main theorem of my talk is the following.

Theorem (I, 2023)

Second Shifts We haVe

6 = P [re(P),7e (P + P9 e W]




Generators of Second Quantum Argument Shift
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Using the fundamental formula twice we obtain

n
Oz (tre") + Cé(l) = Z tre”
Second Shifts m=-—1

n—m-—1

3 tr(g(atr(gf_(”‘"’"“2)(e)))f_(k)(e)> +cM. ()

k=—1

We adopt the convention tre=! = f_(fl)(x) =1.
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We define P, as the n by n submatrix of the following
matrix from the bottom left corner.

Second Shifts f_~(_4) (X)
£(x)
£ (x)
£ (x)
O (x)

X X X X X
> "w'N RO

— O, O -
OO WO ---
oo~ OO -
cooOo R~ O -
coo0Oo R~ -

We define P,(,m) as the matrix P, shifted to the right by m
positions.
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We define

3
e
7e(A) = tr ({ e - §e”_1) A E.
Second Shifts °
§en—1

for any n by n numerical matrix A.

We have
r(¢(@tr(cen)em) + = (P + ¢ ()

by the fundamental formula.
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We obtain
Second Shifts C(2) C(l) |: (P,(«,m) + P,(r?)) . m7 n 6 N:|

by the equations (1) and (2).
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We define
Al Al 4 A2
0 A2
Second Shifts U(A) = .
0 0

We have 1¢(o(A)) = 7¢(A).

for any n by n numerical matrix A.

Lemma

AL 1 A7
A2+ A7

An

n



Main Theorem (Matrix Form)
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Theorem (I, 2023)

We have
0 Ppion ([ (2n—k 2n — k — 1\ \ j(m+k)
0<PT 0 ):Z(( k)P ko1 )P
Second Shifts m k=0
and

0 Pmiont1) <= (2n—k p(m+k) | p(mtk+1)
@ pT 0 - Z k ( m+k+1 + m+k )
m k=0

for any nonnegative integers m and n.



Equivalent Formulae (Even Case)

Quantum M-F
Construction

Yasushi lkeda

The first formula of the theorem is equivalent to the following.
We have

2n1 +np+2n3+1 ny 4+ 2n3
4
2[13 2n3
B (mA 3 +ng+1\ [+ no+nz+ng
= +
— 2n4 2n4

(nl + n3 — n4>
2(!73 - n4)

Second Shifts

for any nonnegative integers (nk)izl.
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We have

AN () + £ ()

() (e

for any nonnegative integers m and n.

Second Shifts



Equivalent Formulae (Even Case)
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[ XON ] |# Main.nb 125% v
WOLFRAM MATHEMATICA Learning Center | Wolfram Community | Help
B v @ v [+ msertcel.. vim g & ¥ de & @ e [T 2 &P P Q

In[1]:= FullSimplify[Binomial[2n+m+21+1, 21] +Binomial[m+21, 21] -
Sum[ (Binomial[n+m+ 1+ k+1, 2k] +Binomial[n+m+ 1+k, 2k])
Binomial[n+1-k, 2 (1-k)1, {k, 0, 1}1,
Second Shifts Element[n | m | 1, Integers] & n2>0&&m20&&1 2 0]

Out[1]= ©

2= Fplus[n_]1[x_] := ((x+1)An+ (x-1)An) /2
In[3]:= Simplify [Fplus[m+2n] [x] + Fplus[m] [Xx] x* (2n) -
Sum[ (Binomial[2 n - k, k] + Binomial[2n-k-1, k-1])
Fplus[m+ k] [x] XAk, {k, 0, n}],
Element[m | n, Integers] &&m 2 0&&n 2 0]
out[3]= ©

=




Conclusion

Quantum M-F
Construction

Yasushi lkeda

m We replace the derivation on the symmetric algebra
Sgl(d,C) by the quantum derivation on the universal
enveloping algebra Ugl(d, C) in order to formulate the
quantum analogue of the Mishchenko-Fomenko theorem.

m We can calculate iterated quantum argument shifts of
central elements by the formula.

Conclusion

m The list of generators for the second order quantum
argument shifts could be alternative to the lists suggested
by Molev and others.
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