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Suppose that f is a continuous mapping of an open set U of R**! into R”.
And we suppose that each point (¢, zo) of U has a neighborhood V' contained
in U such that there exists a function ¢ of class C! on the open set

W= {(tz,y) R (t,2),(t,y) €V }
satisfying the following.

1. The equation
o(t,z,z) =0

holds for each point (¢,z) of V' and the relation
o(t,z,y) >0
holds provided that x # y for each point (¢, z,y) of W.
2. The relation

dp(t, x,y) n dp(t, x,y)
ot ox

holds for each point (¢,z,y) of W.

)+ P22 0, <0

Suppose that (tg,zg) is a point of U. A partially ordered set consisting of x
that is a differentiable mapping of an open subinterval of [tg, c0) containing g
into R™ such that z(tp) = z¢ and

dx(t)

= f(t,x(t

" = 5 w00)

for each t is a totally ordered set and has a maximum z [, Section 2.6]. Suppose
that A is a compact subset of U. Then the point (t,x(t)) belongs to U \ A

eventually [II, Section 2.6].
Suppose that f is a continuous mapping of [xg, z1] into R™. Then we have

1/ flayas) < [ jlllf(x)ll dr.

Suppose that f is a C' mapping of an open set U of R™ into R™. Suppose
that x¢ and z; are points of U such that xgx; is a subset of U. Then we have

1£ (1) = flzo)|| < ( max [[fu(@)l)]z1 — ol




Proof. The mapping g(t) = f(tz1 + (1 — t)zo) is of class C* on [0,1]. We have
fx1) = f(zo) = g(1) = 9(0)

Therefore, we have

1
1f(z1) = fzo)|l < /O [1fi (tz1 + (1 = t)ao) (w1 — @o) || dt

< ((max [[fu(2)[)[[z1 = zol.- -

TETOT1

Suppose that X and Y are topological spaces. We denote the set of contin-
uous mappings of X into Y by C(X,Y).

Suppose that F = R or C. We denote C(X,F) by C(X). Then C(X)? =
C(X,F%) is a vector space over F.

Suppose that X is a compact space. Then C(X)? is a Banach space over F
with respect to the norm

If1l = sup||f()]].
reX

The uniform space C(X)? is a closed subspace of the uniform space (F¢)X with
respect to the uniformity of uniform convergence. The sequence {f,}32; of
C(X)? has a uniformly convergent subsequence if {f,}32, is equicontinuous
and pointwise bounded (Arzela-Ascoli).

Suppose that f is a bounded continuous mapping of

R:[to,to—f—&]X{ZGRdZ||$—(EQHSE}

into R? such that

(sup [[f(t,2)][)d <e.
(t,z)ER

We define
£l = SupR||f(t,w)||~

(t,x)e
Suppose that tg < t; < --- < t, =tg+J. We define
rp = g1+ f(te—1,2r-1)(tr — th-1)

for each k. Then the points (to,z0), (t1,21), ..., (tn,xn) belong to R. We
define z to be the unique function whose graph is (¢o, o) - - (tn, Zn). Since

max sup I(t, ) — (b1, Tr—1)|]
ko (tz)e(tho1,er_1)(tr,ok)
< max sup L+ |lFIP(E = te-1)

(t2)E(th—1,26—1)(tk, k)

< VT TP max(te — ty1)



and f is uniformly continuous on R, we have

lim max sup lf(t, x) — f(tk—1,2z—1)|| =0. (1)
maxy (th—tk—1)=0 K (tz)e(ty_1,m5-1)(tr,mk)
We define
r = max sup It x) — f(th—1,TK-1)]
ko (ta)e(tho1,mp—1)(tr,an)
dz(t)
= t t)) — —=||.
mx_sup 1(0(0) - 40|

tE[tr—1,tk
Then we have .
H/ f(ta(t)) dt — x(t) + mo|| < r(t —to).
to
There exists a C! mapping x of [to, to + J] into
{zeR?: ||z —xof| <e}
such that x(tg) = z¢ and
dx
= — f(t
TREA
on [to,to + (S]
Proof. We define

ko
to<- - <tp=tg+ — <--<tp,="ty+0.
n

Then we have

lim max(tx — tx—1) = 0.
n—oo k

We define

7, = max sup lf(t,x) — f(te—1,2r-1)]-
ko (to)e(tn—_1,20—1)(tr,7k)

By the equation , we have lim,_,~, r, = 0. We denote the unique function
whose graph is (¢9, o) - - (tn, ) by &,. Then we have

H/t F(twn(t) dt — 2 (t) + o) < vt — to)-

The sequence {x,,}°2 ; is uniformly bounded and uniformly equicontinuous since

|20 (1) = zp(r)[| < (£l — 72

for each 71 and 75. The sequence {x,}°2; has a uniformly convergent sub-
sequence by the Arzela-Ascoli theorem. We denote the subsequence again by
{rn}52 ;. We define x = lim,,_, o0 x,,. We have

t

lim [ f(t,2,(t)) dt:/ f(t,z(t)) dt

n—oo fu to



by the bounded convergence theorem. We have

z(t) = g +/ f(t,z(t)) dt

to
and

dz(t)
dt

z(to) = xo, = f(t,x(t)).
O
Suppose that A is a nonempty subset of a metric space X. Then we have
’dist(xl,A) - diSt(.TQ,A)‘ < dist(xy, z2)
for each (z1,x2) and the mapping x — dist(x, A) is uniformly continuous.
Proof. Since we have
dist(z1, A) — dist(ze, a) < dist(x1,a) — dist(x2,a) < dist(x1,x2)

for each point a of A, we have

dist(z1, A) — dist(22, A) = sup(dist(z1, A) — dist(z2,a)) < dist(z1,z2).
acA

Therefore, we have
|dist(z1, A) — dist(z2, A)| < dist(z1, 22)
and the mapping x — dist(z, 4) is uniformly continuous. O

Suppose that U is an open set of a metric space X. Suppose that C is a
compact subset of U. Then there exists 6 > 0 such that

Cs={zeX:dist(C,x) <d}
is a subset of U.
Proof. We may assume that C' and X \ U are nonempty. Then we have

0 =dist(C, X \U) = migdist(:v,X \U)>0
zE

and Cy is a subset of U. O

Suppose that f is a bounded continuous mapping of [0, 1] x R into R, Sup-
pose that x is a C'* function on a subinterval of [0, 1] containing a neighborhood
of 0 such that (0) = 0 and

dx(t)
dt

= f(t,x(t))



on domz. Then the solution z can be extended to the whole interval [0,1] [
Section 5.2]. We define

SO — {x(o) 29 is a C! function on [0, 1] such that

dz(0)(t)

29 (0) = 0 and = f(t,=(O(t)) on [0,1] }

and C, ) to be the graph of (9 for each element z(?) of S(®). Then the set
c= |J Co
2(0) €5(0)

is closed [Il Section 5.3].
Suppose that f is a bounded continuous mapping of R x R? into R%. We
define

S(to,z0) — {x : 2 is a C! function on [tg, 1] such that

dx(t)
T f(t,x(t)) on [to,l]}

x(tg) = zo and

for each point (tg,7g) of (—oc0,1) x R%. We assume that C is bounded (thus
compact) and let ¢ > 0. Then there exists § > 0 such that [there exists an
element (9 of S(©) such that

max{ dist (Cwm), (t,x(t))) g <t<1 } <€l

for each point (tg,z¢) of (—o00,1) x R% and each element z of S(*0:*0) such that
dist (C, (t(), Io)) < 9.

Proof. Suppose contrary. We may assume that ¢, < 1 and z,, is an element of
Stnwn(tn)) for each n and the following.

1. We have
1> dist (C, (tn,xn(tn))) — 0.

2. Suppose that z(© is an element of S(?). Then we have

infmax{ dist (OI@, (t,xn(t))) ity <t < 1} >e.

n

We may assume that z,, belongs to S(—1%»(=1) for each n. Then we have

Tn(t) = zp(tn) —|—/t f(t, @, (1)) dt

n



on [—1,1] for each n and the sequence (x,,)%2; is uniformly bounded on [—1, 1].

The sequence ()52, is uniformly equicontinuous on [—1, 1] since

lea(r2) = oatrll = [ £ltszn(®) de] < 1 Fll7a = 7l

We may assume that lim, .., z, = z uniformly by the Arzela-Ascoli theorem
and lim,, o t, = tg. Then we have

z(t) = lim x,(t)

n—oo

= lim <xn(0)+/0tf(t,xn(t)) dt)

n—oo
t
=z(0) + / f(t,x(t)) dt
0
on [—1,1] and x belongs to S~1*(=1). The point (to,z(ty)) belongs to C since

z(tg) = lim (scn(tn) —z(ty) + :E(tn)) = lim x,(t,)

n—oo n—oo
and
dist(C’, (to,x(to))> = lim dist(C’, (tn,xn(tn))) =0.

There exists an element z(*) of S(9 such that 2(®) = x on [ty, 1]. Then we have

infmax{ dist (Cm(m, (t,xn(t))) ttp, <t <1 } >e€

n
This is a contradiction. O

Suppose that f is a continuous mapping of a neighborhood U of the origin
(0,0) of R x R% into R? and we assume the following.

1. Any C" function z(®) on a subinterval dom (%) of [0, 1] containing a neigh-
borhood of 0 such that #(%)(0) = 0 and

dz0) (1)

o = (t:2)

on dom z(® extends to an element of S©).

2. The closure of the set
c= J Cuo

2(0) ES(O)

is a compact subset of U.

Then the set C' is closed and [there exists § > 0 satisfying the following] for any
e>0.



1. The set
Cs = { (t,z) : dist(C, (t,x)) < (5}

is contained in U.

2. Suppose that (tg,z¢) is a point of Cs N ((—oo,l) X ]Rd). Then any C!
function  on a subinterval dom x of [tg, 1] containing a neighborhood of
to such that z(tp) = x¢ and

dx(t)
dt

= f(t,z(t))

on domz extends to an element of S(0:*0) and there exists an element
29 of SO such that

max{ dist (sz), (t,x(t))) g <t<1 } <e

Proof. There exists a compact subset A of U such that the closure of C is
contained in the interior of A. Then there exists a bounded continuous mapping
f of R x R? into R such that f [ on A by the Tietze extension theorem.
We define S(to:#0) and C related to f in the same manner. Then the set S(©
is contained in S(© and C is a closed set containing C. Suppose that z is an
element of S(® and we assume that the compact set

={t:(t,z(t)) €0A}

is nonempty. We define ty = min(dA)~! > 0. Then the connected space [0, o)
is a subset of
(IntA)~" = {t: (t,z(t)) € Int A }.

The restriction of the function z to [0, ] extends to an element of S(®). This is
a contradiction and the function z belongs to S(®). Then we have S = S§(©)
and the set C' = C is closed (thus compact).

We may assume that

C. = { (t, ) : dist(C, (t,2)) < e}

is contained in the interior of A. There exists § > 0 such that [there exists an
element z(9) of S(®) such that

max{ dist (me), (t,x(t))) ttg <t <1 } <g]

for each point (tg, xo) of (—o0,1) x R? and each element z of S(*o:%0) such that
dist (C, (to, z0)) < 6. We may assume that

Cs = { (t, 2) : dist(C, (t, 2)) < 5}



is contained in the interior of A. Suppose that (to,x¢) is a point of Cs N
((—00,1) x R?). We take any C' function = on a subinterval domz of [to, 1]
containing a neighborhood of t such that x(tg) = z¢ and

dr(t) _
a f(t,x(t))

on dom z. Suppose that

={t:(t,z(t)) €0A}
is nonempty. We define ¢; = min(aA)’ > to. Then the connected space [tg, 1)

is a subset of
(IntA)~" = {t: (t,z(t)) € Int A }.

Then there exists an element z(?) of S(© such that
max{ dist(C’x(m, (t,x(t))) it <t <t } <e.

The point (tl, x(tl)) belongs to the interior of A. This is a contradiction and

the function z extends to an element of S(t:®0)  There exists an element z(?)
of SO guch that

max{ dist (Cxw), (t,:c(t))) g <t <1 } <e
This means that the function = belongs to S(*o:%0) O

Suppose that f is a continuous mapping of a neighborhood U of the origin
(0,0) of R x R? into R? and we assume the following.

1. Any C* function (%) on a subinterval dom z(®) of [0, 1] containing a neigh-
borhood of 0 such that z(%)(0) = 0 and

dz0) (t)

iR CLAR )

on dom z(® extends to an element of S(®

c= J Cuo

2(0) €5(0)

2. The closure of the set

is a compact subset of U.

Then the set C is closed. Suppose that Uy is a neighborhood of C. Then there
exists a neighborhood Vj of C satisfying [the following for each point (tg,xo) of
Vo N (—OO, 1) X Rd}

1. Any solution for the Cauchy problem

dx(t)
dt

= f(t,z(t)), (t,z(t)) €U

i)’](to) = Xy,

can be extended to [tg, 1].



2. The graph of any such extension to [tg, 1] is contained in Uy.

Suppose that f is a continuous mapping of an open set U of R x R into
R? and we assume that [there exists § > 0 such that there exists a unique C!
function x such that x(tg) = z¢ and

dx(t)
dt

= f(t,x(t))

on (top — d,to + 9)] for each point (tg, o) of U.
Suppose that (1) and z(?) are C! functions on open intervals containing ¢,
such that () (¢y) = x¢ and

da™ ;
= f(t,z9).
Then we have z(!) = z(® on domz™ N domz®. A partially ordered set

consisting of  that is a C' mapping on an open interval containing ¢, such that
x(tg) = z¢ and
dx
— = f(t,z
"
has a maximum x[to, |-
Suppose that z(?) is a C'* function on [ty, 5] such that

dz©
dt

= f(t,x(o)).

Then there exists a neighborhood V of C(®) such that [dom x[ty, 2] contains
[t1, t2] for each point (tg,zq) of V.
The function x(t,tg, o) = x[to, zo](t) is continuous on the open set dom z.

Proof. We define z(®) = 2[0,0]. Suppose that ¢; > 0 is a point of domz(%).

Then there exists 6y > 0 such that [~dg,%; + o] is contained in dom 2(®). We

define

dz 0 (¢)
dt

M:max{| ||:—50§t§t1+50}<oo.

We denote the graph of 2(®) on [~d, t1 + 0] by C®). Suppose that & > 0. Then
there exists 6 > 0 such that = = z[tg, zo] is defined on [—dg, 1 + dg] and

Inax{ dist (C(O), (t, a:(t,to,xo))) 1 =00 <t <ti1+d } <e

for each point (to,zq) of C’éo). We may assume that 6 < dy. Suppose that
I(to, zo)|| < d. Then we have

max{ dist (C(O), (t,x(t,to,mo))) =0 <t <t +do } <e.



Suppose that |t —¢1| < 0. Then we have
dist (C(O), (t,x(t,to,xo))) <e.
There exists a point ty of [—dg, t1 + o] such that
| (t2, 2V (t2)) — (¢, 2(t, to, 0)) || < .
Then we have

|z (t, to, zo) — 2(t1,0,0)|| < [|x(t, to, z0) — O (t2)]| + [V (t2) — 2O (1)
<e+ M(e+9)
< (2M + 1)e. 0

Suppose that z(®) is a C' function on [0,#;] and we define C(®) to be the
graph of (%), Suppose that V is a neighborhood of C®) and ¢ is a C! function
on the open set

W = { (t,z,y): (t, ), (t,y) € V}

such that the equation
o(t,z,x) =0

holds for each point (t,z) of V and the relation

o(t,z,y) >0

holds provided that x # y for each point (¢, z,y) of W. Then there exists § > 0
satisfying the following. Suppose that f is a continuous function on V' such that

Op(t,z,y)

Op(t, z,y) n Op(t, x,y)
dy

ot ox

ft,z) + flt,y) <0

holds for each point (¢, z,y) of W and

" g
/0 Hd dt(t) — f(t, 2O @) dt < 4.

Suppose that (¢, o) is a point of O(go) N [0,£;) x R% Then there exists a C*
function x on [tg, ;] such that z(ty) = zo and

dx(t)
o = f(t()

on [to,tl].

Proof. There exists a compact subset A of V such that the set C(?) is contained
in the interior of A. There exists § > 0 such that the set

c® = { (t,x) : dist(C, (t,2)) < 5}

10



is contained in the interior of A. We define

ty =min{¢: (t,z(t)) € A } > t,.

We define ©
op(t, 20 (1),
M= max ||M” < .
(t,)€AN[0,t1] xRA or
Then we have
dp(t, =0 (t),z(t))  dp(t, 2O (t),2(1))
dt B ot
N p(t, zO(t), z(t)) dz(©(¢) N dp(t, 0 (t), (1)) da(t)
ox dt Jy dt
dp(t, 2O (1), (1)) [ dx®(t)
< ’ ) - t (0) t
< P 0O (B peae))
dz© (¢
< M| 22y )|
for tg <t < t3 = min{ty,t2} and
(©) © " da () (0)
o(ts, 2 (t3), z(t3)) — ¢ (to, 2% (to), x0) < M/ I T f(t,20)| dt
to
< M6.
We define
- i t,xO(t),z) >0
1= eyl e P02 0 3)
and we may assume that
@(to,x(o)(to),xo) <n-—Mo
for each point (o, ) of C(go) N[0,¢) x R%.
n < @t 20 (ta), z(t2))
< ()D(to, m(O) (to)a Jfo) + M
<n
provided that to < ¢;. This is a contradiction and we have to > t;. O

Suppose that f is a continuous mapping of an open set V of R x R¢ into R?.
Suppose that = is a C! function on [0, 1] such that x(0) = 0 and
dz(t)
dt

= f(tv x(t))

11



n [0,1]. We denote the graph of x by C. Suppose that ¢ is a C! function on
the open set

W={(t=zy): (), (ty) eV}
such that the equation
o(t,z,x) =0

holds for each point (¢,z) of V and the relation
o(t,z,y) >0

holds provided that x # y for each point (¢, z,y) of W. Suppose that f; is a net
of continuous mappings of V into R¢ such that

p(t, z,y) n dp(t, z,y) o(t,z,y)
ot or oy

fi(t @) + fit,y) <0

holds for each point (¢, z,y) of W for each ¢ and we assume that

h;m/ £ (&, (t) = fi(t, (1)) dt = 0.
0

Then the solution for the Cauchy problem

dt

2;(0) =0, = fi(t,m(t))

is defined on [0, 1] eventually and z; converges to = uniformly on [0, 1].

Proof. Suppose that € > 0. Then there exists § > 0 such that

[ 1s000) ~ Ry <

implies that the solution for the Cauchy problem

dz;
7;(0) =0, mdt(t) = fi(t, zi(t))
is defined on [0,1] and ||z; — z|| < e. O
Suppose that
d
#(0) =0, 10— p ) + 900

is a Cauchy problem of a linear differential equation. Suppose that f; and g;

are nets of continuous functions on [0, 1] such that lim; f; = f and lim; g; = g

uniformly on [0, 1]. Suppose that x; is a solution for the Cauchy problem

dl‘i (f)
dt

Then we have lim; z; = = uniformly on [0, 1].

= fi(t)wi(t) + g:(t).

12



Proof. Since

Ifi(®)x + gi(t) — fi(t)y — g (®)[| < [ fillll= — yll,

the differential equations satisfy the Lipschitz condition. Since

1
/0 1f®)x(t) +g(t) = fi@®)z(t) — gi(@®) || dt < [|f = fillllzll + llg — gill = 0,

lim; z; = x uniformly. ]

Suppose that f is a C' mapping of an open set U of R x R? into R?. We
define © = x[tp,zo]. Suppose that e is a unit vector and we define xs(t) =
x(t,de) = x(t,to,x0 + de). Then the function zs is defined on each compact
subset of dom z eventually and lims_,o x5 = = compactly on dom z. We define
0x = x5 — x. Then we have

d‘Sst(t) = f(t,zs(t)) — f(t,z(t))

B LOf(t, x(t) + 05x(t)) N
_ ( / - d9>5 0
and we have
Sx(ty) d ox(t) [ ' Of(t,x(t) + 00x(t)) Sz (t)
iate at s _</0 z d9> 5
Since
- LOf(t,x(t) + 00x(t)) 9 — of (t,x(t))
6—0 Jg Ox Ox

compactly on dom z, we have

ox(t)  Ox(t,tg, zo)

élgtl) 5 Oe
compactly and we have
dx(to, to, xo) 0 x(t, to, x0) Of (t,x(t, to, z0)) dx(t, to, zo)
Oe 7 ot Oe B Ox Oe '
The function d(t. ¢ )
ZT\l,10,T0
t,1 _—
( ) O,x()) = 86

is continuous.
Proof. We have

lim  z[tg, 2] = [0, 0]
(to,0)—0

13



compactly on dom x[0,0]. We have

Of (t,x(t,to, o))  9f(t,x(t,0,0))

.
(méﬁ:o ox oxr

compactly on dom x[0,0]. We have
. Bx(t,to,xo) 8x(t,0,0)
1 =
o) Oe Oe

(to,z0)—0

compactly on dom [0, 0].

The function (t,tg,xo) — x(t, g, 2g) is of class C! and

Ox(to, to, ro) 0 Ox(t,to, w0) _ Of (t,z(t, to, z0)) dx(t, o, o)
Oz o ot Oxo - Ox Oxo

8t0 - 81‘0

0x(t,tg, x 0x(t,tg, x 0x(t,tg, x

( 0 0) ( 2 0) f(th fﬂo), % = f(t,.’ﬂ(t,to, ZO))
Suppose that f is a smooth mapping of an open U of R x R? x RY into RY.

We define x(t) = x(¢, to, xo, ¢) by

dz(t)

z(to) = o, T f(t,z(t),c).

Then the function (¢, to, xo, c) — x(t, to, zg, ¢) is smooth and

a(ﬂ(to,to,.’b(hC) -1 gaﬁ(t,to,‘fo,C) o af(t’x(t5t05$0ac)7c) ax(tatmxouc)
Tot Oxo B ox Oz

b

6330
6%‘(1),750,.13070) _ 8x(t’t0am056)
5t0 - al’o f(t0a$07c)a
6 t7t ) ’
W = f(tax(tvt(hx())c)ac))
aI(to,to,Io,C) =0
Oc o
0 dx(t,to,mo,c) _ Of (t,2(t, to, 20, ¢),¢) 5$U(t»t0,$o,C)+5f(ta$(f,to,$o,0)70)
ot Oc o ox Oc Oc '
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