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Argument shift method on a Poisson manifold

» Let M be a smooth manifold.

a Poisson bracket {-, -} on C*°(M)
<> a bivector field 7 on M satisfying |7, 7] =0,

where
Jacobi identity on { -, - } < [7,7] = 0.

» A Poisson bracket on C*°(M) is given by
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Argument shift method on a Poisson manifold

Given
» a smooth manifold M,
> a vector field £ on M,

» a Poisson bivector field 7 on M satisfying
[57 [57 71—]] =0.

Theorem (argument shift method)
We have

{€7(F).€"(e)} =0, Ym,Vn

for any Poisson central elements f and g, i.e.,

{f,h} =0={g, h}, Vh e C®(M).



Example

> Let g be a Lie algebra and ¢; be its linear basis.
» A Poisson bracket on C*°(g*)

of Og

_ rk
{f.g} = Cje kD6 De;’

[e,-, ej] = C,-jfek

uniquely extends the Lie bracket on g.

Theorem (A Mishchenko and A. Fomenko, 1978)

Let £ = 5, be a constant vector field on g*. We have
I

{€m(f).€"(g)} =0, ¥m,¥n
for any Poisson central elements f and g in

S(g) = { f : f is a polynomial function on g* }



Vinberg's problem

» By Poincaré-Birkhoff~Witt theorem

and there are linear noncanonical isomorphisms ¢ of U(g) onto
Gr U(g) ~ S(g).

» An argument shift algebra A¢ associated with a vector field £
is a subalgebra of S(g) generated by

{£"(f) : f is Poisson central and n >0 }.

This is Poisson commutative by Mishchenko and Fomenko
theorem.



Vinberg's problem

U(g) - GrU(g) —=. S(g)

T lin. noncanon. iso

A = A

Vinberg's problem

Find one of such linear noncanonical isomorphisms ¢ of U(g) onto
S(g) that A¢ = .71(A¢) is a commutative subalgebra of U(g).

Informally speaking, we should find commuting elements in U(g),
which coincide with elements in A¢ in top degrees.



Result by Tarasov

Let g = gl,. Elements o1, ..., o, of S(gl,) defined by
) n
det(t — (e))]j=1) =t"+ > out™*
k=1

are generators of the Poisson center of S(gl,,), where (ef)7J:1 is a
5(gl,)-coefficient matrix, whose (i, j)-entry is a matrix unit e;.
Suppose that ¢ = &0 + -+ + £,07 is a diagonal vector field.
Tarasov showed that

[Sym(fk(fp), Sym(Eng)] =0,

that is, he gave a solution for Vinberg's problem.



Twisted derivations on U(gl,)

Let le be a standard basis on gl,. Gurevich and Saponov defined

twisted derivations 5{ that are linear mappings on
U(gl,) = T(gl,)/! satisfying

d1=0, Bleb = 6Pl
and the twisted Leibniz rules

8l(fg) = (0if)g + f(Dlg) + (8F)(Dg).

They are well-defined.

» Maps the ideal | = {xy — yx — [x,y] : x,y € gl, } into /.
» Twisted Leibniz rules satisfy associativity.



Twisted derivations on U(gl,)

Proof that & are well-defined.

5{(ep —ecef — [eq, el])

— (OFep)(Def) — (OFer)(Dyel) —
= 0T 0PSL — 6POTS) — 5T

Bi(5r el — el oP)
Ble) + (Bleg)op = 0.

N

8 ((fg)h) = (8! )gh+f(<yg)h+fg(5f )
+(OF )(f’%g)hﬂ@k )g(OLh) + F(Okg)(Dlh)
o

k
+ (OFF)(Dig) (01 h) = Di(f(gh)). O



Saponov's result

We define 6 = Sym(oy) and let 0¢ = §J’5f Saponov shows that

[856’;(,826/] =0, Vp,q, k, .

Warning!
It does not follow that

[0Ff,0{g) =0,  Vp,qeZ",  VfgeZ(U(al,)),

though {&k}zzl generates the center Z(U(gl,)).



Formulation

We define L = (¢])7;_; € M(n, U(gl,)). Let
e = &0, ¢ = diag(&1, ..., &n).

> {tr(Lk)}Z:1 generates the center of U(gl,).

> | proved

[0F tr L¥, 0 tr L'] = 0, Vp, q, k, | < 4.



Example of calculations
For example
[0c tr L3, O tr L*] = 0.

We have modulo center the following.

e tr L3 = £,08(ef el ef)
—§pekep+£pe3p(e’e )+§p )(Ag
= tr(§L%) + Epepel + Epel +—£p,(§qei
= 2tr(€L2) + tr(LEL) 4 2ntr(EL).

Using commutation relation, we obtain

Oe tr L3 = 3tr(EL2) + ntr(EL).

Applying the twisted Leibniz rule, we have
detr L* = £,08 ((Lz)j(B)f,f) —¢, (ég(B)j)(B){f
+ &L (OB(LY) + & (03(L7);) (D8(L2)]
P J\"P i P\*~p J q i)

elel))

kel
)(Def) + 508 (e eh)



Example of calculations

Substituting 5,‘,’(L2)J’: = ég(e,’;e;‘) = dpef + ehd7 + ndpdi, we obtain

Detr L* = 2tr(€L3) + tr(LEL?) + tr(L2€L) + 2ntr(€L?)
+2tr(EL) tr L + ntr(LEL) 4+ 2n* tr(€L).

Using commutation relation, finally we obtain
O tr L* = 4tr(L3) + ntr(€L2) 4 2tr(EL) tr L+ n®tr(EL)
modulo center. One can show that
[tr(¢PL), tr(€L9)] = 0.

for any p and q.



Example of calculations and general conjecture

Therefore, we have

3 4
[aé trL1,28§ trL ] [tr(fLZ) tr L3) Z f gj[ L3 ”(L2)11|

ij=1

= — z": §i&j <—(L3)J,:ef + e{(L3)JI:) =0.

ij=1

General conjecture:
For any central elements f and g of U(gl,),

[0PF,09g] =0, Vp,q.



Case: g = 505,

Consider g = s05, and let rj-i = ej — e,’ Elements o5, ..., oo, are
defined by

det( (6’)1J 1) 2n+20'2ktn 2k
k=1

and we can write o3, = Pf%. We have o5, ..., 02,_2, Pf as
generators of the Poisson center of S(g). Also we define twisted
derivations éj’ i <jon U(g) by imbedding U(g) in U(gl,,). Itis
not known if

[0FSym(f), 9fSym(g)] = 0, vp, q,

where 0 = ﬁj - | f, g € {o2,...,00n—2,Pf}, is true.



